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Frqwudfw Uhqhjrwldwlrq lq Djhqf| Sureohpv
Ddurq V1 Hgolq_dqg Ehqmdplq H1 Khupdolqh
Xqlyhuvlw| ri Fdoliruqld dw Ehunhoh|
Iluvw Yhuvlrq= Qryhpehu 4<<9
Wklv Yhuvlrq= Pd| 4<<:
Devwudfw
Wklv sdshu vwxglhv wkh delolw| ri dq djhqw dqg d sulqflsdo wr dfklhyh
wkh uvw0ehvw rxwfrph zkhq wkh djhqw lqyhvwv lq dq dvvhw wkdw kdv juhdwhu
ydoxh li rzqhg e| wkh sulqflsdo wkdq e| wkh djhqw1 Zkhq frqwudfwv fdq
eh uhqhjrwldwhg/ d zhoo0nqrzq gdqjhu lv wkdw wkh sulqflsdo fdq krogxs wkh
djhqw/ xqghuplqlqj wkh djhqw*v lqyhvwphqw lqfhqwlyhv1 Zh ehjlq e| lghq0
wli|lqj d frxqwhuydlolqj hhfw= Lqyhvwphqw e| wkh djhqw fdq lqfuhdvh klv
ydoxh iru wkh dvvhw/ wkxv lpsurylqj klv edujdlqlqj srvlwlrq lq uhqhjrwld0
wlrq1 Zh vkrz wkdw rswlrq frqwudfwv zloo dfklhyh wkh uvw ehvw zkhqhyhu
wklv wkuhdw0srlqw hhfw grplqdwhv wkh krogxs hhfw1 Rwkhuzlvh/ dfklhylqj
wkh uvw ehvw lv gl!fxow dqg/ lq pdq| fdvhv/ lpsrvvleoh1 Lq vxfk fdvhv/
zh vkrz wkdw li sduwlhv kdyh dq dssursuldwh vljqdo dydlodeoh/ wkhq wkh uvw
ehvw lv vwloo dwwdlqdeoh iru d zlgh fodvv ri edujdlqlqj surfhgxuhv1 D qrlv|
vljqdo/ krzhyhu/ phdqv wkdw wkh rswlpdo frqwudfw zloo lqyroyh whupv wkdw
frxuwv pljkw ylhz dv sxqlwlyh dqg vr uhixvh wr hqirufh1
Nh|zrugv= Frqwudfw uhqhjrwldwlrq/ edujdlqlqj/ grxeoh prudo kd}dug/
uhodwlrqvkls0vshflf lqyhvwphqw1
MHO= F:;/ G56/ N45/ O561
4 Lqwurgxfwlrq
Zh dqdo|}h djhqf| sureohpv zlwk uhqhjrwldwlrq/ dvnlqj zkhq lv lw srvvleoh wr
jlyh dq djhqw h!flhqw lqfhqwlyhv wr zrun rq dq dvvhw ru surmhfw wkdw d sulqflsdo
zloo xvh ru pdunhw1 D fulwlfdo lvvxh lv zkhwkhu wkh sulqflsdo revhuyhv wkh djhqw*v
WDq hduolhu gudiw ri wklv sdshu zdv wlwohg ￿Frqwudfw Uhqhjrwldwlrq lq Vhtxhqwldo Lqyhvw0
phqw Sureohpv1￿ Wkh dxwkruv wkdqn \hrq0Nrr Fkh/ Suhvwrq PfDihh/ Sdxo Plojurp/ Vwhidq
Uhlfkhovwhlq/ Eloo Urjhuvrq/ Lo|d Vhjdo/ Fkulv Vkdqqrq/ Oduv Vwroh/ dqg sduwlflsdqwv dw wkh
Pxuud| V1 Mrkqvrq Hfrqrplfv Frqihuhqfh/ Xqlyhuvlw| ri Wh{dv/ dqg wkh 4<<: DOHD phhwlqjv
iru wkhlu frpphqwv dqg vxjjhvwlrqv1 Wkh dxwkruv dovr wkdqn Hulf Hpfk iru uhvhdufk dvvlvwdqfh1
_Dvvrfldwh Surihvvru/ Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Fdoliruqld/ Qdwlrqdo Ihoorz/
Krryhu Lqvwlwxwlrq/ dqg Idfxow| Uhvhdufk Ihoorz/ QEHU1
hKdurog Ixuvw Dvvrfldwh Surihvvru ri Pdqdjhphqw Sklorvrsk| dqg Ydoxhv/ Zdowhu D1
Kddv Vfkrro ri Exvlqhvv/ dqg Dvvrfldwh Surihvvru/ Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri
Fdoliruqld1
4dfwlrq1 Ixghqehuj dqg Wluroh +4<<3, dqg Pd +4<<7, vwxg| wkh fdvh zkhuh vkh
grhv qrw1 Lq wklv sdshu/ zh iroorz Khupdolq dqg Ndw} +4<<4, e| dvvxplqj wkdw
vkh revhuyhv klv dfwlrq/ exw fdqqrw suryh zkdw lw zdv lq frxuw1 Xqolnh Khupdolq
d q gN d w } /z hi r f x vp x f kr ir x ud w w h q w l r qr qv l w x d w l r q vl qz k l f kw k hf r x u w v
fdq yhuli| rqo| sd|phqwv ehwzhhq wkh sduwlhv dqg srvvhvvlrq +rzqhuvkls, ri
wkh dvvhw ru surmhfw1 Zh vxevhtxhqwo| frqvlghu wkh vdph lqirupdwlrq vwuxfwxuh
dv Khupdolq dqg Ndw}/ zkhuh zh surshuo| dqdo|}h wkh vlwxdwlrq lq zklfk erwk
sduwlhv kdyh edujdlqlqj srzhu vlpxowdqhrxvo|14
Dv dq h{dpsoh/ frqvlghu wkh sureohp wkdw Sl{du dqg Glvqh| idfhg zkhq wkh|
frooderudwhg wr surgxfh wkh dqlpdwhg ihdwxuh Wr| Vwru|1 Hdfk sduw| eurxjkw
xqltxh wdohqwv wr wkh wdeoh= Sl{du kdg wkh 60G dqlpdwlrq whfkqrorj| dqg Glvqh|
kdg wkh glvwulexwlrq dqg pdunhwlqj h{shuwlvh iru dqlpdwhg opv15 Sulru wr
uhohdvh/ Glvqh| frxog revhuyh wkh txdolw| ri wkh op Sl{du surgxfhg/ exw txdolw|
lv vx!flhqwo| dpruskrxv wkdw lw zrxog eh gl!fxow/ li qrw lpsrvvleoh/ iru lw wr eh
ghvfulehg lq d frqwudfw ru ghprqvwudwhg lq frxuw xqdpeljxrxvo|1 Jlylqj Sl{du
dssursuldwh lqfhqwlyhv zrxog/ wkhq/ vhhp sureohpdwlf1 Li Glvqh| frpplwv wr ex|
dw d {hg sulfh/ wkhq Sl{du/ dfwlqj rssruwxqlvwlfdoo|/ kdv qr lqfhqwlyh wr zrun
kdug iru Glvqh|16 Dowhuqdwlyho|/ vxssrvh wkdw wkh| hqwhu dq djuhhphqw wkdw
Glvqh| zloo sd| Sl{du d {hg dprxqw li Sl{du pdnhv zkdw Glvqh| mxgjhv wr eh d
jrrg op1 Wkhq Sl{du zloo vwloo kdyh srru lqyhvwphqw lqfhqwlyhv/ ehfdxvh lw zloo
zruu| derxw Glvqh| dfwlqj rssruwxqlvwlfdoo| h{ srvw> fodlplqj wkh op lv srru
dqg edujdlqlqj wr ex| lw dw d orzhu sulfh +vhh Zlooldpvrq/ 4<;8/ iru pruh rq
vxfk krogxsv,17 Wkh sduwlhv pd| wu| wr olplw Glvqh|*v delolw| wr krogxs Sl{du e|
jxdudqwhhlqj Sl{du d vkduh ri wkh op*v surwv/ exw wklv zloo xqghuplqh Glvqh|*v
lqfhqwlyhv wr glvwulexwh dqg pdunhw wkh op1 Wkh sduwlhv* delolw| wr frqwudfw
durxqg wkh lqfhqwlyh dqg krogxs sureohpv ghshqgv fulwlfdoo| rq wkh txdolw| ri
wkh lqirupdwlrq wkdw lv yhuldeoh dqg wkh qdwxuh ri frqwudfw uhqhjrwldwlrq1
Ghpvnl dqg Vdsslqjwrq +4<<4, dqg Ehuqkhlp dqg Zklqvwrq +4<<:, sursrvh
dq hdv| vroxwlrq wr wklv sureohp/ rqh wkdw zrunv hyhq zkhq wkh frxuwv fdq yhuli|
rqo| +4, sd|phqwv ehwzhhq wkh sduwlhv dqg +5, rzqhuvkls ri wkh dvvhw xvhg lq
surgxfwlrq= Vshflfdoo|/ wkh frqwudfw jlyhv rzqhuvkls ri wkh op wr Sl{du/ exw
jlyhv Glvqh| dq rswlrq wr sxufkdvh lw dw d sulfh vhw htxdo wr wkh op*v ydoxh
frqglwlrqdo rq h!flhqw hruw e| Sl{du1 Devhqw uhqhjrwldwlrq/ wklv frqwudfw lv
h!flhqw/ exw/ dv zh vkrz/ Glvqh| kdv dq lqfhqwlyh wr ohw lwv rswlrq h{sluh dqg
uhqhjrwldwh d orzhu sulfh iru wkh op18 Khqfh/ wklv frqwudfw xowlpdwho| surylghv
qr surwhfwlrq iurp wkh krogxs sureohp zh revhuyhg deryh1
4Khupdolq dqg Ndw} dovr frqvlghu wkh vlwxdwlrq lq zklfk erwk sduwlhv kdyh edujdlqlqj
srzhu vlpxowdqhrxvo|/ exw wkhlu dqdo|vlv qhjohfwv wr irog wkh uhvxowv ri uhqhjrwldwlrq edfn lqwr
wkh lqfhqwlyh frpsdwlelolw| frqvwudlqwv1
5Dffruglqj wr Sl{du*v FIR/ wkh dqlpdwhg0￿op exvlqhvv lv hvvhqwldoo| d Glvqh| prqrsro|1
Vrxufh= ￿Orvw Wr|v/￿ Wkh Hfrqrplvw/ Yro1 675/ Qr1 :<<< +Mdq1 44/ 4<<:,/ s1 8;1
6Sl{du vwloo kdv vrph lqfhqwlyh wr ghyhors wkh whfkqrorj| iru rwkhu ￿opv/ exw qrw dv pxfk
dv li lw kdg wkh dgglwlrqdo lqfhqwlyh wr zrun kdug iru Glvqh|1
7Lqghhg/ Glvqh| fdswxuhg durxqg <3( ri wkh sur￿wv +vrxufh= lelg1,1
8Wkdw frqwudfwv lq wklv lqgxvwu| duh vxemhfw wr uhqhjrwldwlrq lv hylghqfhg e| Glvqh| dqg
Sl{du/ zkr uhfhqwo| ￿vfudsshg￿ wkhlu ruljlqdo frqwudfw/ vljqhg lq 4<<4 +vrxufh= ￿Glvqh| lq
430\hdu/ Ilyh0Ilop Ghdo zlwk Sl{du/￿ Qhz \run Wlphv/ Iheuxdu| 58/ 4<<:,1
5Lq wkh Ghpvnl0Vdsslqjwrq vfkhph/ jlylqj wkh djhqw lqlwldo rzqhuvkls ri wkh
dvvhw surylghv wkh djhqw zlwk lqfhqwlyhv wr zrun h!flhqwo|/ ehfdxvh rwkhuzlvh
wkh sulqflsdo zloo ohw khu rswlrq h{sluh dqg ohdyh wkh surmhfw zlwk wkh djhqw1 Dv
suhylrxvo| qrwhg/ hyhq li wkh djhqw wdnhv wkh dssursuldwh dfwlrq/ dq rssruwxqlvwlf
sulqflsdo zloo ohw khu rswlrq h{sluh dqg edujdlq iru d orzhu sulfh lq uhqhjrwldwlrq1
W|slfdoo|/ zh zrxog h{shfw wkh sulqflsdo wr fdswxuh d vkduh ri wkh uhqhjrwldwlrq
vxusoxv/ vr wkdw wkh djhqw grhv qrw fdswxuh wkh ixoo pdujlqdo frqwulexwlrq ri klv
hruwv wr wkh sulqflsdo*v ydoxh1 Wklv krogxs hhfw xqghuplqhv wkh djhqw*v lqfhq0
wlyhv wr zrun1 \hw/ wkhuh lv d vhfrqg hhfw1 Wkh djhqw*v hruw zloo vwuhqjwkhq
klv edujdlqlqj srvlwlrq/ vlqfh li edujdlqlqj euhdnv grzq dqg kh zlqgv xs zlwk
wkh surmhfw/ klv hruw zrxog jlyh wkh surmhfw juhdwhu ydoxh19 Zh qg wkdw d
vxlwdeo| fkrvhq rswlrq frqwudfw zloo surylgh uvw0ehvw lqfhqwlyhv zkhq wklv vhf0
rqg hhfw/ wkh wkuhdw0srlqw hhfw/ grplqdwhv wkh krogxs hhfw1: Lq wklv fdvh/ lw
lv wkh wkuhdw ri uhqhjrwldwlrq wkdw jlyhv wkh djhqw lqfhqwlyhv wr zrun kdug dqg/
lurqlfdoo|/ wkh uroh ri dq rswlrq lv qrz wr jxdug djdlqvw ryhulqyhvwphqw e| wkh
djhqw1 Zkhq wkh krogxs hhfw grplqdwhv wkh wkuhdw0srlqw hhfw/ rq wkh rwkhu
kdqg/ zh vkrz wkdw qr rswlrq frqwudfw lv h!flhqw iru dq| prqrwrqlf vkdulqj
uxoh1;
Zkhq wkh sulqflsdo dqg djhqw*v hruwv duh vxevwlwxwhv/ wkh wkuhdw0srlqw hhfw
whqgv wr grplqdwh ehfdxvh wkh djhqw*v hruw kdv kljkhu pdujlqdo frqwulexwlrq
zkhq kh rzqv wkh surmhfw wkdq zkhq wkh sulqflsdo rzqv wkh surmhfw dqg frq0
wulexwhv khu rzq hruw1 Frqyhuvho|/ wkh krogxs hhfw grplqdwhv zkhq wkhlu
hruwv duh frpsohphqwv1< Zh dovr qg wkdw wkh wkuhdw0srlqw hhfw zloo whqg wr
eh odujhu li hruw uhgxfhv wkh ulvn suhplxp +wkh glhuhqfh ehwzhhq wkh h{shfwhg
dqg fhuwdlqw| htxlydohqw ydoxh wr wkh djhqw ri nhhslqj wkh dvvhw,/ exw vpdoohu li
9Wklv h￿hfw fdq eh txlwh odujh1 Iru h{dpsoh/ dffruglqj wr ￿Zrrg| dqg Ex}}= Wkh Xqwrog
Vwru|/￿ Qhz \run Wlphv/ Iheuxdu| 57/ 4<<:/ Glvqh| wulsohg lwv sulfh wr Sl{du rq ixwxuh slfwxuhv
rxw ri frqfhuq wkdw Sl{du zrxog euhdn zlwk Glvqh| dqg wdnh lwv qrz0suryhq whfkqrorj| wr
Zduqhu Eurwkhuv ru rwkhu vwxglrv1
:Qøoghnh dqg Vfkplgw +4<<8/ 4<<:, dovr frqvlghu prghov lq zklfk rswlrq frqwudfwv dfklhyh
wkh ￿uvw ehvw zlwk uhqhjrwldwlrq1 Wkhlu uhvxowv ghshqg/ krzhyhu/ rq zkdw zloo riwhq eh ryhuo|
￿rswlplvwlf￿ dvvxpswlrqv derxw wkh sduwlhv* delolw| wr frpplw wr wkhlu frqwudfwv lq whupv ri
wkh wlplqj dqg vfrsh ri uhqhjrwldwlrq1 Vhh rxu Frqfoxvlrq iru d ixuwkhu glvfxvvlrq ri wkhvh
lvvxhv dqg rwkhu gl￿huhqfhv ehwzhhq wkhlu prghov dqg rxuv1
;Zh vd| wkdw D dqg E kdyh d prqrwrqlf vkdulqj uxoh li/ zkhq wkh| edujdlq ryhu d srw
ri prqh|/ wkhlu vkduhv hdfk lqfuhdvh zlwk wkh dprxqw lq wkh srw1 Vhh Hgolq dqg Uhlfkhovwhlq
+4<<9,1
<Frpsohphqwdulw| dqg vxevwlwxwdelolw| dovr sod| d uroh lq Ehuqkhlp dqg Zklqvwrq +4<<:,1
Lq rxu sdshu/ wkhvh frqfhswv duh gh￿qhg zlwk uhvshfw wr wkh surgxfwlrq surfhvv/ d sulplwlyh1
Lq frqwudvw/ Ehuqkhlp dqg Zklqvwrq vshdn ri vwudwhjlf frpsohphqwv dqg vxevwlwxwhv1 Vlqfh
wkh frqwudfw khosv wr ￿{ wkh vwudwhj| vsdfhv/ zkhwkhu dfwlrqv duh vwudwhjlf frpsohphqwv ru
vxevwlwxwhv ghshqgv rq wkh frqwudfw lq sodfh dqg pd| gl￿hu ehwzhhq sulqflsdo dqg djhqw1
Iru lqvwdqfh/ li wkh frqwudfw doorzv wkh sulqflsdo wr fkrrvh wkh suredelolw| wkdw vkh jhwv wkh
dvvhw +￿txdqwlw|￿, dqg wkh djhqw wr fkrrvh txdolw|/ wkhq wkhlu dfwlrqv duh w|slfdoo| vwudwhjlf
frpsohphqwv iru wkh sulqflsdo> krzhyhu/ li wkh dvvhw*v ydoxh wr djhqw lv lqfuhdvlqj lq txdolw|/
wkhq wkhlu dfwlrqv zloo eh vwudwhjlf vxevwlwxwhv iru wkh djhqw1
Frpsohphqwdulw| dqg vxevwlwxwdelolw| duh dovr dq lvvxh lq wkh frqwuro olwhudwxuh +vhh/ h1j1/
Jurvvpdq dqg Kduw/ 4<;9> Fklx/ 4<<9,1 Xqolnh khuh/ zkhuh h!flhqf| glfwdwhv wkdw rzqhuvkls
+frqwuro, dozd|v eh jlyhq wr wkh sulqflsdo lq wkh hqg/ wklv olwhudwxuh irfxvhv rq zkr vkrxog eh
jlyhq frqwuro1
6hruw lqfuhdvhv wkh ulvn suhplxp1
Zh fdq lqwhusuhw wkh fdvh ri vxevwlwxwh hruwv dv wkh djhqw*v lqyhvwphqw ehlqj
pruh jhqhudo wkdq uhodwlrq0vshflf rq wkh pdujlq1 Wkh fdvh ri frpsohphqwdu|
hruwv fdq eh lqwhusuhwhg dv wkh djhqw*v lqyhvwphqw ehlqj pruh vshflf wkdq
jhqhudo rq wkh pdujlq1 Vlqfh zh dvvxph wkh dvvhw lv pruh ydoxdeoh wr wkh sulq0
flsdo wkdq wr wkh djhqw/ lqyhvwphqwv duh vshflf rq dyhudjh1 Wkhvh revhuydwlrqv
lpso| wkdw zkdw pdwwhuv iru h!flhqf| lv qrw zkhwkhu lqyhvwphqwv duh jhqhudo
ru vshflf rq dyhudjh/ exw zkhwkhu wkh| duh jhqhudo ru vshflf rq wkh pdujlq1
Wkh srvvlelolw| wkdw wkhuh lv qr h!flhqw rswlrq frqwudfw ohdgv xv/ uvw/ wr
frqvlghu jhqhudo phfkdqlvpv dqg/ wkhq/ wr frqvlghu wkh Khupdolq0Ndw} lqiru0
pdwlrqdo dvvxpswlrqv1 Lq rxu dqdo|vlv ri jhqhudo phfkdqlvpv zh ehjlq zlwk wkh
fdvh ri d ulvn0qhxwudo djhqw1 Lq wklv fdvh/ zh vkrz wkdw wkh uvw ehvw lv lpsoh0
phqwdeoh li dqg rqo| li wkh wkuhdw0srlqw hhfw grplqdwhv wkh krogxs hhfw> dqg/
wkxv/ wkhuh lv qr orvv ri jhqhudolw| lq uhvwulfwlqj dwwhqwlrq wr rswlrq frqwudfwv1
Rq wkh rwkhu kdqg/ iru d ulvn0dyhuvh djhqw/ lw lv srvvleoh wkdw d jhqhudo phfkd0
qlvp frxog h{sorlw klv ulvn dyhuvlrq wr ryhufrph wkh krogxs hhfw hyhq zkhq wkh
wkuhdw0srlqw hhfw lv zhdn> wkrxjk wklv srvvlelolw| lv e| qr phdqv jxdudqwhhg1
Shukdsv d pruh sodxvleoh zd| wr rewdlq wkh uvw ehvw zkhq wkh wkuhdw0srlqw
hhfw lv zhdn lv wr olqn sd|phqwv wr vrph yhuldeoh vljqdo ri hruw1 Dv Khu0
pdolq dqg Ndw} +4<<4, dujxhg/ li hruw lv revhuydeoh/ wkhq d frxuw fdq olnho|
revhuyh vrph lpshuihfw vljqdo ri lw1 Wkdw lv/ iru lqvwdqfh/ lq d glvsxwh ehwzhhq
Sl{du dqg Glvqh| derxw txdolw|/ wkh frxuw frxog vfuhhq wkh op dqg uhqghu d
mxgjphqw1 Dowkrxjk wkh frxuw*v dvvhvvphqw ri txdolw| lv olnho| d qrlv| vljqdo
ri txdolw| ylv0ã0ylv wuxh txdolw| +hruw,/ Khupdolq dqg Ndw} vkrz wkdw lq vrph
flufxpvwdqfhv lw zloo qhyhuwkhohvv eh vx!flhqw iru rewdlqlqj wkh uvw ehvw zkhq
wkh sduwlhv fdq uhqhjrwldwh lq dgydqfh ri wkh frxuw*v uxolqj143 Krzhyhu/ mxvw
doorzlqj iru d yhuldeoh vljqdo wxuqv rxw qrw wr eh vx!flhqw iru rewdlqlqj wkh
uvw ehvw= Zh jlyh dq h{dpsoh zkhuh ghvslwh kdylqj dq lqirupdwlyh vljqdo/ wkh
uvw ehvw lv xqdwwdlqdeoh ehfdxvh wkh djhqw*v edujdlqlqj srzhu lv xqxvxdoo| orz
zkhq kh h{shqgv uvw0ehvw hruw1 Rq wkh rwkhu kdqg/ zh vkrz wkh uvw ehvw
fdq eh rewdlqhg surylghg wkh vljqdo lv vx!flhqwo| lqirupdwlyh dqg wkh djhqw*v
edujdlqlqj vkduh ri dq| pdujlqdo lqfuhdvh lq vxusoxv lv erxqghg dzd| iurp }hur1
Lq wkh Khupdolq0Ndw} iudphzrun/ wkh uvw0ehvw frqwudfw zh frqvwuxfw fdq eh
lqwhusuhwhg dv ghpdqglqj d orz dqg vrphwlphv qhjdwlyh sd|phqw li wkh vljqdo
vxjjhvwv orz hruw1 Lq pdq| flufxpvwdqfhv/ frxuwv zrxog lqwhusuhw wklv ihdwxuh
dv d vwlsxodwhg gdpdjh phdvxuh1 Zkhq wkh vljqdo lv vx!flhqwo| lqirupdwlyh/
wkhvh vwlsxodwhg gdpdjhv zloo eh vpdoo/ dqg pd| eh ohvv wkdq wkh h{shfwdwlrq
gdpdjh phdvxuh wkdw d frxuw zrxog lpsrvh devhqw d frqwudfwxdo vwlsxodwlrq1 Li
wkh vljqdo lv idluo| xqlqirupdwlyh/ krzhyhu/ wkhq wkh uhtxluhg gdpdjh sd|phqw
pxvw eh txlwh kljk1 +Orrvho| vshdnlqj/ zh pljkw ylhz wklv uhvxow dv dqdorjrxv
wr Ehfnhu +4<9;,*v fodvvlf revhuydwlrq wkdw sxqlvkphqw pxvw lqfuhdvh dv wkh
fkdqfh ri ghwhfwlrq ghfuhdvhv1, Kljk gdpdjh sd|phqwv ulvn ehlqj uxohg sxqlwlyh
dqg wkhuhiruh xqhqirufhdeoh1 Khqfh/ wkh shqdow| grfwulqh fdq jhw lq wkh zd| ri
43Wkhvh flufxpvwdqfhv duh wkdw wkh vljqdo vdwlvi| dq lqirupdwlyh frqglwlrq wkh| uhihu wr dv
wkh ￿Frqyh{0Kxoo Frqglwlrq￿ dqg wkdw rqh ri wkh sduwlhv kdyh doo wkh edujdlqlqj srzhu lq
uhqhjrwldwlrq1
7sduwlhv xvlqj wkhlu lqirupdwlrq wr dyrlg wkh krogxs sureohp1 Rxu sdshu wkhuhiruh
dggv d qhz yrlfh wr wkh fkruxv fdoolqj iru dq holplqdwlrq ri wkh shqdow| grfwulqh1
Rxu zrun lv uhodwhg wr wkh odujh olwhudwxuh rq wudglqj phfkdqlvpv +vhh/ h1j1/
Djklrq hw do1/ 4<<7> Fkxqj/ 4<<4> Hgolq dqg Uhlfkhovwhlq/ 4<<9> Khupdolq dqg
Ndw}/ 4<<6> Qùoghnh dqg Vfkplgw/ 4<<8> Urjhuvrq/ 4<<5> Vhjdo dqg Zklqvwrq/
4<<:/ dprqj rwkhuv,1 Wkhuh duh/ krzhyhu/ lpsruwdqw glhuhqfhv1 Iluvw/ zh doorz
iru d ulvn0dyhuvh djhqw/ zkhuhdv wklv olwhudwxuh grhv qrw1 Vhfrqg/ wklv olwhudwxuh
prghov wkh djhqw*v lqyhvwphqw dv dhfwlqj rqo| klv frvw ri surgxfwlrq dqg wudgh/
zkloh zh prgho wkh djhqw*v lqyhvwphqw dv dhfwlqj wkh ydoxh ri wkh dvvhw1 Khqfh/
ehfdxvh wkh sulqflsdo rzqv wkh dvvhw lq wkh hqg/ wkh djhqw*v lqyhvwphqw dhfwv
wkh sulqflsdo*v ydoxdwlrq1 Wklv pdnhv wkh lqyhvwphqw frrshudwlyh lq wkh vhqvh
ri Fkh dqg Fkxqj +4<<9, dqg Fkh dqg Kdxvfk +4<<9,144 Wkh fulwlfdo glhuhqfh
ehwzhhq rxu prgho dqg wkhluv lv wkdw zh frqvlghu wkh srvvlelolw| wkdw wkh djhqw*v
hruw kdv ydoxh hyhq li wkh djhqw uhwdlqv wkh surmhfwwkh qr wudgh fdvh lq
wkhlu prghov1 Wklv srvvlelolw| fuhdwhv wkh wkuhdw0srlqw hhfw zh lghqwlhg deryh/
zklfk fdq vxssruw h!flhqw frqwudfwv zkhq wkh sduwlhv* hruwv duh vxevwlwxwhv1
Rq wkh rwkhu kdqg/ rxu uhvxow wkdw frpsohphqwdu| hruwv fdq fdxvh lqh!flhqf|
dffrugv zlwk Fkh dqg Kdxvfk1 Wkhlu prgho pd| eh ylhzhg dv wkh olplwlqj fdvh
lq zklfk hruwv duh pd{lpdoo| frpsohphqwdu| vr wkdw wkh djhqw*v hruw |lhogv
qr uhwxuq zlwkrxw wudgh1
5 Prgho
Zh ehjlq zlwk wkh vdph hfrqrplf sureohp dv Ghpvnl dqg Vdsslqjwrq +4<<4,1
D sulqflsdo/ zkr rzqv d wudqvihudeoh dvvhw +h1j1/ sdwhqw/ vwruh/ ru prylh lghd,
kluhv dq djhqw1 Wkh djhqw xqghuwdnhv dq dfwlrq d 5 ^3>4,1 Wkh sulqflsdo
revhuyhv wklv dfwlrq/ exw lw lv qrw yhuldeoh/ vr wkdw frqwudfwv fdqqrw eh gluhfwo|
frqwlqjhqw rq lw1 Diwhu revhuylqj wkh djhqw*v dfwlrq/ wkh sulqflsdo wdnhv dq
dfwlrq e 5 ^3>4,1 Wkhvh dfwlrqv dhfw wkh dvvhw*v uhwxuq/ u 5 ^u>4,/l qd
vwrfkdvwlf pdqqhu1 Vshflfdoo|/ dvvxph wkdw wkh ghqvlw| ryhu u frqglwlrqdo rq
d dqg e/ i +umd>e,/ lv lqfuhdvlqj lq d dqg e lq wkh vhqvh ri uvw0ghjuhh vwrfkdvwlf







Dvvxph wkdw i +um>e,dqg i +umd>, duh erwk glhuhqwldeoh ixqfwlrqv iru doo u/ d/





Wkh sulqflsdo lv ulvn qhxwudo dqg khu xwlolw| htxdov |e zkhuh | lv khu lqfrph1




44Zh wkdqn Eloo Urjhuvrq dqg Lo|d Vhjdo iru srlqwlqj wklv frqqhfwlrq rxw wr xv1
8Zh dvvxph wkdw Y +d, lv qlwh iru doo d dqg zh revhuyh/ e| wkh hqyhorsh wkhruhp/
wkdw Y 3 +d,@CU@Cd  31
Wkh djhqw*v xwlolw| lv x+z,  d/ zkhuh z lv klv lqfrph1 Dvvxph wkdw x+,
lv vwulfwo| lqfuhdvlqj/ wzlfh glhuhqwldeoh/ dqg dw ohdvw zhdno| frqfdyh +l1h1/ wkh
djhqw lv qrw ulvn orylqj,1
Wkh lqlwldo edujdlqlqj jdph ehwzhhq wkh sulqflsdo dqg djhqw/ zklfk zh gr
qrw prgho/ |lhogv wkh djhqw d ohyho ri xwlolw| wkdw zh qrupdol}h wr 31V l q f hr x u
irfxv lv rq dfklhylqj wkh uvw ehvw/ zh qhhg qrw zruu| derxw krz wklv ohyho ri
xwlolw| ydulhv zlwk wkh dfwxdo dfklhydeoh rxwfrph1




Y +d,  s
vxemhfw wr x+s,  d @3 = +4,
Zh dvvxph d xqltxh vroxwlrq wr wklv surjudp/ zlwk d￿ A 31 Wkh uvw0rughu
frqglwlrq zlwk uhvshfw wr d lv
Y 3 +d￿,@
4
x 3^ x ￿ 4+ d ￿,`
1+ 5 ,
Wr lqvxuh wkdw wkh djhqw fdq eh jlyhq vx!flhqw lqfhqwlyhv/ zh dvvxph
Dvvxpswlrq 4= Wkh grpdlq ri x+, lqfoxghv

u . x￿4 +d￿,  Y +d￿,>4

1
6 Rswlrq Frqwudfwv dqg Uhqhjrwldwlrq
Ghpvnl dqg Vdsslqjwrq frqvlghu rswlrq frqwudfwv +s4>s 5,/ zkhuh s4 lv dq xq0
frqglwlrqdo wudqvihu iurp sulqflsdo wr djhqw +d qhjdwlyh s4 lv d sd|phqw wr wkh
sulqflsdo,1 Xsrq dffhswdqfh ri wkh frqwudfw/ wkh sulqflsdo wudqvihuv rzqhuvkls
ri wkh dvvhw wr wkh djhqw wrjhwkhu zlwk s4145 Diwhu wkh djhqw kdv fkrvhq klv
dfwlrq/ wkh sulqflsdo kdv wkh rswlrq wr ex| edfn wkh lpsuryhg dvvhw dw sulfh s51
Li wkh sulqflsdo ghfolqhv wr h{huflvh khu rswlrq/ wkhq wkh djhqw uhwdlqv rzqhuvkls1
Diwhu wkh sulqflsdo ghflghv zkhwkhu wr h{huflvh khu rswlrq/ vkh fkrrvhv khu hruw1
Wkh rzqhu ri wkh dvvhw uhfhlyhv u1
Ghpvnl dqg Vdsslqjwrq vkrz wkdw li
a s5 @ Y +d￿,/
wkhq lw lv dq htxloleulxp iru wkh djhqw wr h{shqg h!flhqw hruw d￿/ dqg iru wkh
sulqflsdo wr h{huflvh khu rswlrq dqg fkrrvh e wr pd{lpl}h khu ydoxh1
Ghpvnl dqg Vdsslqjwrq gr qrw/ krzhyhu/ frqvlghu wkh srvvlelolw| wkdw wkh
djhqw dqg sulqflsdo uhqhjrwldwh li wkh sulqflsdo grhv qrw h{huflvh khu rswlrq1 Li
wkh sulqflsdo ohwv khu rswlrq h{sluh/ wkh djhqw zloo rzq wkh dvvhw1 Li qr vdoh lv
45Li wkh djhqw kdv lqlwldo rzqhuvkls/ kh pdlqwdlqv rzqhuvkls dw wklv vwdjh1
9wkhuhdiwhu duudqjhg/ wkh sulqflsdo zloo fkrrvh e @3 1 Wkh fhuwdlqw| htxlydohqw









s4$4s4 . FH+d>s4,@4; d 1+ 6 ,
Zh dovr dvvxph wkdw wkh djhqw lv ulvn dyhuvh ru wkh sulqflsdo*v hruw lv ydox0
deoh ru erwk1 Frqvhtxhqwo|/47
Y +d, AF H+ d>s4, +7,
dqg vr wkhuh duh jdlqv iurp uhqhjrwldwlqj dqg dvvljqlqj rzqhuvkls wr wkh sulqfl0
sdo1 Zh suhvxph/ wkhuhiruh/ wkdw wkh sulqflsdo zloo hqg xs ex|lqj wkh dvvhw1 Lq
grlqj vr/ vkh dqg wkh djhqw pxvw djuhh wr d glylvlrq ri wkh uhqhjrwldwlrq vxusoxv
V+d>s4,  Y +d,  FH+d>s4,1
Zh vhh qr uhdvrq wr dvvxph wkdw rqh ri wkh sduwlhv fdswxuhv doo wklv vxusoxv>
pruh olnho|/ lw zloo eh vsolw ehwzhhq wkhp1 Iroorzlqj Hgolq dqg Uhlfkhovwhlq
+4<<9,/ zh uhpdlq djqrvwlf derxw wkh h{whqvlyh irup ri wklv edujdlqlqj jdph1
Udwkhu/ olnh wkhp/ zh dvvxph wkdw wkh sduwlhv iroorz dq h!flhqw prqrwrqlf
vkdulqj uxoh=48 wkdw lv/ wkh djhqw dqg sulqflsdo vsolw wkh uhqhjrwldwlrq vxusoxv
dffruglqj wr glhuhqwldeoh uxohv/ D = U $ U. dqg S = U $ U. vdwlvi|lqj49
D1 +h!flhqf|, D+V,. S+ V,V> dqg hlwkhu
E1 +zhdn prqrwrqlflw|, 3
D +,  3/ 3
S +,  3>r u
E 31 +vwulfw prqrwrqlflw|, 3
D +, A 3/ 3
S +, A 31
Frqvwdqw0vkduhv edujdlqlqj +l1h1/ D +V,@V dqg S +V,@+ 4   , V ,l vd
vshfldo fdvh ri d prqrwrqlf vkdulqj uxoh1
Lq wkh fdvh ri uhqhjrwldwlrq/ wkh sulqflsdo*v sd|phqw wr wkh djhqw zloo eh
s+d>s4,  D ^V +d>s4,` . FH+d>s4,=
46Surri= Qrwh wkdw ] "
o
￿Eo nR￿￿s Eo￿@cf￿_o D ￿Eo n R￿￿




￿Eo n R￿￿s Eo￿@cf￿_o
&
D o n R￿
iru doo R￿1 Vlqfh wkh ohiw0kdqg vlgh lv R￿ n ￿.E@cR￿￿/ wkh uhvxow iroorzv1
47Surri= ￿.E@cR￿￿ $ -E@cf￿ $ T E@￿/ zlwk rqh lqhtxdolw| vwulfw li wkh djhqw lv ulvn dyhuvh
+fhuwdlqw| htxlydohqw sd|r￿ ohvv wkdq h{shfwhg sd|r￿, ru wkh sulqflsdo*v h￿ruw lv surgxfwlyh
+T E@￿ :-E @cf￿,1
48Dsshqgl{ D ri Hgolq dqg Uhlfkhovwhlq +4<<9, frqwdlqv dq h{solflw h{whqvlyh0irup edujdlq0
lqj jdph lq zklfk wkh htxloleulxp vroxwlrq kdv vxusoxv vsolw prqrwrqlfdoo|1
49Prqrwrqlflw| lpsolhv wkdw j￿ Eu￿ lv gl￿huhqwldeoh doprvw hyhu|zkhuh1 Wklv lv vx!flhqw iru
wkh dqdo|vlv wkdw iroorzv/ exw dvvxplqj gl￿huhqwldelolw| hyhu|zkhuh vlpsol￿hv wkh surriv1
:Wkh sulqflsdo zloo/ wkhuhiruh/ h{huflvh khu rswlrq li s5  s+d>s4,1 Rwkhuzlvh/
vkh zloo ohw lw h{sluh dqg uhqhjrwldwh1
Ghpvnl dqg Vdsslqjwrq*v dssurdfk lv sureohpdwlf zkhq wkh djhqw grhv qrw
kdyh wkh srzhu wr pdnh wdnh0lw0ru0ohdyh0lw rhuv zkhq uhqhjrwldwlqj=
Sursrvlwlrq 4 Wkh Ghpvnl dqg Vdsslqjwrq htxloleulxp lv qrw urexvw wr uhqh0
jrwldwlrq xqohvv wkh djhqw kdv doo wkh edujdlqlqj srzhu zkhq kh fkrrvhv wkh
uvw0ehvw dfwlrq1
Surri= Frqvlghu wkh Ghpvnl dqg Vdsslqjwrq frqwudfw lq zklfk a s5 @ Y +d￿, dqg
a s4 glylghv wkh h{ dqwh vxusoxv1 Vxssrvh wkh djhqw fkrrvhv d￿ dv lq wkh Ghpvnl
dqg Vdsslqjwrq htxloleulxp1 Revhuyh
s+d￿> a s4,@ D^ V+ d ￿>a s 4,` . FH+d￿>a s4, Y+d￿,@a s 51
Lw iroorzv wkdw s+d￿> a s4, ? a s5 xqohvv D ^V +d￿> a s4,` @ V +d￿> a s4,1 Li wkh djhqw
grhv qrw kdyh doo wkh edujdlqlqj srzhu/ wkh sulqflsdo zloo ohw khu rswlrq h{sluh
udwkhu wkdq h{huflvh lw dv uhtxluhg e| wkh Ghpvnl dqg Vdsslqjwrq htxloleulxp1
Uhpdun 4 Vlqfh D + 3 ,@3 /





Frqvhtxhqwo|/ Sursrvlwlrq 4 fdq eh uhzulwwhq dv= Wkh Ghpvnl dqg Vdsslqjwrq
htxloleulxp lv qrw urexvw wr uhqhjrwldwlrq xqohvv wkh djhqw jhwv 433( ri wkh
pdujlqdo vxusoxv iru doprvw hyhu| ohyho ri vxusoxv ohvv wkdq V +d￿> a s4, +l1h1/ xqohvv
3
D +},@4iru doprvw hyhu| } vr
U V+d￿>a s4,
3 3
D +},g} @ V +d￿> a s4,,1
Uhpdun 5 Sursrvlwlrq 4 vwdqgv lq vwdun frqwudvw wr Ehuqkhlp dqg Zklqvwrq
+4<<:,*v prgho/ lq zklfk wkh Ghpvnl0Vdsslqjwrq frqwudfw zloo dfklhyh wkh uvw
ehvw +dqg zrq*w eh uhqhjrwldwhg dorqj wkh htxloleulxp sdwk, zkhq wkh sulqfl0
sdo kdv doo wkh edujdlqlqj srzhu1 Ehuqkhlp dqg Zklqvwrq*v uhvxow ghshqgv rq
wkhlu dvvxpswlrq wkdw uhqhjrwldwlrq fdq rqo| rffxu ehiruh wkh sulqflsdo ghflghv
zkhwkhu wr h{huflvh khu rswlrq dqg qrw diwhu14:
Lq d zruog zlwkrxw uhqhjrwldwlrq/ wkh sulqflsdo lv lqglhuhqw ehwzhhq h{hu0
flvlqj khu rswlrq dqg ohwwlqj lw h{sluh zkhq s5 @ Y +d,1 Zlwk uhqhjrwldwlrq/
4:Ehuqkhlp dqg Zklqvwrq frqvlghu rswlrq frqwudfwv lq wkhlu H{dpsoh 41 Wkhuh duh vrph
gl￿huhqfhv ehwzhhq wkhlu prgho dqg rxuv￿vshfl￿fdoo|/ wkhlu sulqflsdo pdnhv qr lqyhvwphqw/
txdqwlwlhv duh frqwlqxrxv/ dqg wkhuh lv qr xqfhuwdlqw|￿exw wkhlu dqdo|vlv fdq eh uhdglo|
wudqvodwhg wr rxu prgho1 Wkhlu prgho ri uhqhjrwldwlrq +vhh wkhlu Vhfwlrq 717, dvvxphv/ xqolnh
rxuv/ wkdw dq| uhqhjrwldwlrq rffxuv sulru wr wkh sulqflsdo*v rswlrq0h{huflvh ghflvlrq dqg wkdw
wklv ghflvlrq lv luuhyhuvleoh￿wkhuh lv qr vxevhtxhqw fkdqfh iru wkh sulqflsdo wr rewdlq rzqhuvkls
li vkh ohwv khu rswlrq h{sluh1 Frqvhtxhqwo|/ li @ ’ @W/ wkhq wkh sulqflsdo fdqqrw fuhgleo|
wkuhdwhq qrw wr h{huflvh dq rswlrq zlwk d vwulnh sulfh ri T E@W￿1 Uhqhjrwldwlrq lv/ wkxv/
luuhohydqw/ vr wkh ￿uvw ehvw lv dwwdlqdeoh xvlqj wkh Ghpvnl0Vdsslqjwrq frqwudfw1
;vkh jhwv vrph ri wkh vxusoxv iurp uhqhjrwldwlqj dq h{sluhg rswlrq frqwudfw +sur0
ylghg S ^V +d>s4,` A 3,/ vr wkdw vkh suhihuv uhqhjrwldwlqj wr h{huflvlqj khu
rswlrq1 Frqvhtxhqwo|/ wkh sulqflsdo fdq eh h{shfwhg wr krogxs wkh djhqw1
Krogxs phdqv wkdw wkh djhqw fdqqrw fdswxuh wkh ixoo pdujlqdo frqwulexwlrq ri
klv hruw wr wkh sulqflsdo*v ydoxh/ Y 3 +d,/ dqg wklv uhgxfhv wkh djhqw*v lqyhvwphqw
lqfhqwlyhv1 Lw wxuqv rxw/ krzhyhu/ wkdw hyhq wkrxjk wklv krogxs lv xqdyrlgdeoh/
lw grhv qrw qhfhvvdulo| fdxvh xqghulqyhvwphqw1 Rvhwwlqj wkh krogxs hhfw lv
wkh wkuhdw0srlqw hhfw= lqyhvwphqw vwuhqjwkhqv wkh djhqw*v edujdlqlqj srvlwlrq
e| lqfuhdvlqj wkh ydoxh ri wkh dvvhw li wkh djhqw uhwdlqv lw1 Li wklv wkuhdw0srlqw
hhfw lv vx!flhqwo| odujh lw zloo grplqdwh wkh krogxs hhfw/ dqg dq h!flhqw
rswlrq frqwudfw fdq h{lvw zlwk uhqhjrwldwlrq1 Li wkh krogxs hhfw grplqdwhv/
wkhq dq h!flhqw rswlrq frqwudfw grhv qrw h{lvw1 Pdwkhpdwlfdoo|/ iru prqrwrqlf




 Y 3+d￿, +8,
iru s4 vroylqj4;
x￿4+d￿,@s+ d ￿>s 4,.s 4 +9,
Wkdw lv/ wkh wkuhdw0srlqw hhfw grplqdwhv li wkh pdujlqdo lpsdfw ri wkh djhqw*v
dfwlrq lqfuhdvhv klv ydoxh iru wkh dvvhw +dgmxvwhg iru ulvn, pruh wkdq lw lqfuhdvhv



















iru vwulfwo| prqrwrqlf vkdulqj1 Khqfh/ zkhq wkh wkuhdw0srlqw hhfw grplqdwhv/
wkh djhqw*v dfwlrq lqfuhdvhv klv sd|phqw pruh wkdq lw lqfuhdvhv wkh sulqflsdo*v
pdujlqdo ydoxh iru wkh dvvhw1 Vr hyhq wkrxjk wkh sulqflsdo lv fdswxulqj vrph ri
wkh lqfuhdvhg ydoxh rq wkh pdujlq/ lw lv vwloo srvvleoh wr jlyh wkh djhqw vx!flhqw










4;Wr vhh wkdw d R￿ vroylqj +9, h{lvwv/ revhuyh wkdw wkh uljkw0kdqg vlgh ri +9, lv frqwlqxrxv
lq R￿ xqghu wkh dvvxpswlrqv rq j￿ Eu￿ dqg ￿Eu￿1 Pruhryhu/ lw olhv ehwzhhq ￿.E@WcR ￿￿nR ￿
dqg T E@W￿nR ￿1 Wklv xsshu erxqg htxdov ￿3￿ E@W￿ li
R￿ ’ ￿3￿ E@W￿ 3 T E@W￿
+uhfdoo/ iurp Dvvxpswlrq 4/ wkdw
o n ￿3￿ E@W￿3T E@W￿
lv lq wkh grpdlq ri ￿Eu￿ iru doo srvvleoh o,1 Iurp +6,/ wkh orzhu erxqg jrhv wr " dv R￿ <" 1
Wkhuhiruh d R￿ wkdw vroyhv +9, pxvw h{lvw1
<iru vwulfwo| prqrwrqlf vkdulqj> frqvhtxhqwo|/ vx!flhqw lqfhqwlyhv duh qr orqjhu
srvvleoh1 Wkh iroorzlqj sursrvlwlrq vkrzv wkdw +8, lv qhfhvvdu| iru dq h!flhqw
rswlrq frqwudfw wr h{lvw xqghu frqvwdqw0vkduhv edujdlqlqj1
Sursrvlwlrq 5 Dvvxph wkdw +8, idlov wr krog iru dq| s4 vroylqj +9, dqg wkdw
uhqhjrwldwlrq iroorzv d vwulfwo| prqrwrqlf vkdulqj uxoh1 Wkhq qr rswlrq frqwudfw
+s4>s 5,lv h!flhqw14<
Surri= Vxssrvh qrw1 Wkh djhqw*v xwlolw| lv
x+plqis+d>s4,>s 5j.s 4,d/
vlqfh wkh sulqflsdo h{huflvhv khu rswlrq li dqg rqo| li s5  s+d>s4,1 Vlqfh
s+>s 4, lv frqwlqxrxv/ wkh djhqw zloo qhyhu fkrrvh d vxfk wkdw s+d>s4, As 5
+xqohvv d @3 ,kh frxog lqfuhdvh klv xwlolw| e| uhgxflqj d1 Vlqfh wkh djhqw
fkrrvhv d￿ 9@3 / lw iroorzv wkdw




+zkhuh htxdolw| krogv li s+d￿>s 4,?s 5,1 Vlqfh zh*yh vxssrvhg wkdw wkh uvw0ehvw
lv dfklhyhg/
s+d￿>s 4,.s 4@x ￿ 4+ d ￿,






Lq frqwudvw/ dq h!flhqw frqwudfw zloo h{lvw iru prqrwrqlf vkdulqj uxohv li +8,
krogv dqg wkh uvw0rughu dssurdfk lv ydolg1
Sursrvlwlrq 6 Dvvxph hlwkhu wkdw +8, krogv iru vrph s￿
4 vroylqj +9, dqg wkdw
vkdulqj lv prqrwrqlf> ru wkdw wkh djhqw uhfhlyhv 433( ri wkh vxusoxv rq wkh
pdujlq zkhq d @ d￿ dqg s4 @ s￿
41 Wkhq dq h!flhqw rswlrq frqwudfw h{lvwv
surylghg wkdw x+s+d>s￿
4,.s ￿
4, dlv txdvl0frqfdyh lq d dqg kdv d qhjdwlyh vhfrqg
ghulydwlyh dw dq| srlqw dw zklfk lw kdv d }hur uvw ghulydwlyh1
Surri= Vhw s￿
5 @ s+d￿>s ￿






5 @ s+d￿>s ￿
4,dqg s+>s ￿
4,lv lqfuhdvlqj/ lw lv qhyhu rswlpdo iru wkh djhqw




4,d 1+ 4 4 ,
4<Wklv uhvxow h{whqgv wr zhdno| prqrwrqlf vkdulqj uxohv surylghg j￿
￿ d7 E@WcR ￿￿o ￿ ￿1
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Xvlqj wkh ghqlwlrqv ri s￿
4/ s￿






Wklv lqhtxdolw| krogv li 3
D ^V +d￿>s ￿
4, `@4ru li vkdulqj lv prqrwrqlf dqg +8,
krogv1
Qrwh wkdw wkh rswlrq sulfh/ s+d￿>s ￿
4,/ lv ohvv lq Sursrvlwlrq 6 wkdq lq Ghpvnl
dqg Vdsslqjwrq*v sdshu +l1h1/ s+d￿>s ￿
4,Y +d ￿,,1 Lq rxu prgho/ wkh sulqflsdo
pxvw eh lqglhuhqw ehwzhhq h{huflvlqj khu rswlrq dqg wdnlqj srvvhvvlrq wkurxjk
uhqhjrwldwlrq/ zkloh lq Ghpvnl dqg Vdsslqjwrq vkh pxvw eh lqglhuhqw ehwzhhq
h{huflvlqj dqg iruhjrlqj srvvhvvlrq1 Xqohvv D ^V +d￿>s ￿
4,` @ V +d￿>s ￿
4,zklfk
hqwdlov 3
D +},@4iru doprvw hyhu| } 5 ^3>V+d ￿>s ￿
4,` +vhh Uhpdun 4 deryh,
wdnlqj srvvhvvlrq wkurxjk uhqhjrwldwlrq lv vwulfwo| suhihudeoh wr iruhjrlqj srv0
vhvvlrq dowrjhwkhu1 Frqvhtxhqwo|/ rxu sulfh pxvw eh orzhu wkdq wkhluv wr dffrxqw
iru uhqhjrwldwlrq1
Revhuyh/ wrr/ wkdw rqfh rqh lqwurgxfhv uhqhjrwldwlrq/ wkh sxusrvh ri jlylqj
wkh sulqflsdo dq rswlrq lv qrw wr lqgxfh hruw/ exw wr suhyhqw ryhuh{huwlrq1 Wkh
fdvh zkhuh dq h!flhqw frqwudfw h{lvwv lv rqh zkhuh/ zlwkrxw dq| frqwudfw/ wkh
wkuhdw0srlqw hhfw lv vr vwurqj wkdw wkh djhqw zrxog fkrrvh d  d￿1 Wkh sulqfl0
sdo*v rswlrq nhhsv wkh djhqw iurp hqjdjlqj lq lqh!flhqw/ uhqw0vhhnlqj ehkdylru1
Wr h{soruh wkh vljqlfdqfh ri frqglwlrq +8, pruh uhdglo|/ ohw wkh djhqw eh ulvn
qhxwudo1 Wkhq U+d>3,/ wkh h{shfwhg uhwxuq wr wkh dvvhw li wkh sulqflsdo vxssolhv





wkdw lv/ li wkh djhqw*v dqg sulqflsdo*v dfwlrqv duh +zhdno|, vxevwlwxwdeoh1 Rq wkh




wkhq frqglwlrq +8, idlov1 Vxevwlwxwdelolw| lv d uhdvrqdeoh dvvxpswlrq lq d ydulhw|
ri frqwh{wvzh dujxh odwhu wkdw lw frxog krog iru Sl{du dqg Glvqh|1 Rq wkh
44rwkhu kdqg/ d odujh prwlydwlrq iru wudgh ehwzhhq sulqflsdo dqg djhqw frxog eh
wkh frpsohphqwdu| wdohqwv wkh| eulqj wr surgxfwlrq1 Iru d vxevwdqwldo fodvv ri
djhqf| sureohpv/ wkhq/ zh vkrxog h{shfw +8, wr idlo/ vr wkdw zh fdqqrw dfklhyh
wkh uvw ehvw xvlqj vlpsoh rswlrq frqwudfwv1
Revhuyh wkdw zh fdq lqwhusuhw wudglqj vlwxdwlrqv lq zklfk wkh dvvhw lv ydoxhohvv
wr wkh djhqw +h1j1/ wkh vlwxdwlrq frqvlghuhg lq Fkh dqg Fkxqj/ 4<<9> Fkh dqg
Kdxvfk/ 4<<9, wr eh rqhv lq zklfk lqyhvwphqwv duh pd{lpdoo| frpsohphqwdu|
dfwlrq e| wkh sulqflsdo +lqfoxglqj/ srvvleo|/ mxvw wdnlqj srvvhvvlrq, lv qhfhvvdu|
iru wkhuh wr eh dq| srvlwlyh uhwxuq wr wkh djhqw*v lqyhvwphqw1 Khqfh/ lw lv qrw
vxusulvlqj wkdw zholnh Fkh dqg Kdxvfk ehiruh xvqg dfklhylqj wkh uvw ehvw
wr eh gl!fxow lq wkhvh vlwxdwlrqv +dw ohdvw zkhq wkhuh fdq eh uhqhjrwldwlrq,1 Lq
sduwlfxodu/ rswlrq frqwudfwv zloo idlo wr dfklhyh wkh uvw ehvw1
Li wkh djhqw lv ulvn dyhuvh/ wkhq wklv frpsohphqwv0vxevwlwxwhv glfkrwrp| fdq
eh frpsolfdwhg e| krz wkh djhqw*v zhdowk dhfwv klv dwwlwxghv wrzdug ulvn dqg
krz klv dfwlrqv dhfw wkh jdpeoh kh idfhv li kh nhhsv wkh dvvhw1 Wkh glfkrwrp|
lv pdlqwdlqhg lq lwv sxuhvw irup/ krzhyhu/ li wkhuh duh qr zhdowk hhfwv dqg wkh
ulvnlqhvv ri wkh uhwxuq/ u/ lv lqghshqghqw ri d1 Iru lqvwdqfh/ li x+z,@4h ￿ z





Lq wklv fdvh/ wkh ulvn suhplxp/ 4
55/ lv lqghshqghqw ri wkh djhqw*v dfwlrq/ d1L q
rwkhu vhwwlqjv/ lw lv txlwh srvvleoh wkdw wkh djhqw*v dfwlrq grhv dhfw wkh ulvn
suhplxp1 Li lw uhgxfhv wkh ulvn suhplxp/ wklv zloo hqkdqfh wkh wkuhdw0srlqw
hhfw dqg/ wkhuhe|/ wkh srvvlelolw| ri dq h!flhqw rxwfrph1 Frqyhuvho|/ li wkh
ulvn suhplxp ulvhv zlwk d/ wkhq wklv uhgxfhv wkh wkuhdw0srlqw hhfw/ pdnlqj wkh
krogxs hhfw grplqdwh iru d odujhu vhw ri sdudphwhu ydoxhv1
7 Jhqhudo Phfkdqlvpv
Zkhq wkh uvw ehvw lv xqdwwdlqdeoh zlwk dq rswlrq frqwudfwl1h1/ zkhq +8,
idlovwkh reylrxv txhvwlrq lv zkhwkhu wkh uvw ehvw frxog eh dfklhyhg e| d
pruh jhqhudo phfkdqlvp1 Zh lqyhvwljdwh wkdw txhvwlrq lq wklv vhfwlrq/ zkhuh
zh vkrz wkdw wkh dqvzhu lv qr li wkh djhqw lv ulvn qhxwudo1 Li/ krzhyhu/ wkh
djhqw lv ulvn dyhuvh/ wkhq wkh uvw ehvw pd| eh rewdlqdeoh zkhq +8, mxvw idlov1
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Qrz dvvxph wkdw wkh djhqw lv ulvn qhxwudo1 Lqlwldoo|/ zh dvvxph wkdw +8, idlov1
Zlwkrxw orvv ri jhqhudolw|/ dvvxph wkh djhqw*v xwlolw| lv z  d1 Frqvlghu
d jhqhudo dqqrxqfhphqw phfkdqlvp lq zklfk erwk djhqw dqg sulqflsdo pdnh
dqqrxqfhphqwv/ a dD dqg a dS uhvshfwlyho|/ derxw wkh djhqw*v dfwlrqv1 Frqglwlrqdo
rq wkhvh dqqrxqfhphqwv/ wkh djhqw lv sdlg s+a dD>a dS>", dqg rzqhuvkls ri wkh
dvvhw lv jlyhq wr wkh sulqflsdo +" @4 , zlwk suredelolw| {+a dD>a dS, dqg wr wkh
djhqw +" @3 , zlwk suredelolw| 4  {+a dD>a dS,1 Zh frqwlqxh wr dvvxph wkdw
45uhqhjrwldwlrq lv srvvleoh diwhu wkh phfkdqlvp lv sod|hg rxw1 Revhuyh wkdw li
wkh sulqflsdo uhfhlyhv rzqhuvklswkh doorfdwlrq lv h!flhqwwkhq wkhuh lv qr
vfrsh iru uhqhjrwldwlrq dw wklv vwdjh1 Zh frxog dovr doorz iru uhqhjrwldwlrq diwhu
dqqrxqfhphqwv exw ehiruh wkh phfkdqlvp lv h{hfxwhg/ exw vlqfh wkh djhqw lv
ulvn qhxwudo wkhuh duh qr jdlqv iurp uhqhjrwldwlrq dw wklv srlqw1
Ghqh=
  y +d, 
U 4
u ui +umd>3,gu +djhqw*v h{shfwhg ydoxh ri rzqlqj wkh dvvhw dw
wkh hqg,>
 V +d,  Y +d, y +d, +vxusoxv iurp wudglqj dvvhw diwhu wkh phfkdqlvp jlyhv
wkh djhqw rzqhuvkls,>
 S +a dD>a dS>d, D^V+d,`.  y+d,.s+a dD>a dS>3, +wrwdo sd|phqw wr djhqw li
wkh phfkdqlvp jlyhv klp lqlwldo rzqhuvkls dqg wkh sulqflsdo pxvw edujdlq
wr dftxluh dvvhw,>
  z+a dD>a dS>d,{+a dD>a dS,s+a dD>a dS>4,.^4  {+a dD>a dS,`S +a dD>a dS>d,+wkh
djhqw*v h{shfwhg zdjh +xwlolw|, ehiruh sod|lqj wkh phfkdqlvp,> dqg
 z +d,   z+d>d>d,1
Revhuyh wkdw lq wkh ulvn0qhxwudo fdvh/ wkh idloxuh ri +8, lv htxlydohqw wr
Y 3 +d￿, A  y3 +d￿,1
Revhuyh/ wrr/ wkdw wkh uvw0rughu frqglwlrq +5, uhgxfhv wr Y 3 +d￿,@4lq wkh
ulvn0qhxwudo fdvh1
Sursrvlwlrq 7 Dvvxph vwulfw prqrwrqh vkdulqj lq uhqhjrwldwlrq1 Dvvxph/ wrr/
wkdw Y 3 +,/  y3 +,/d q g 3
D^ V+  ,` duh frqwlqxrxv lq d qhljkerukrrg ri wkh uvw0ehvw
dfwlrq/ d￿1 Wkhq wkh uvw ehvw lv xqdwwdlqdeoh li +8, idlov1
Surri= Zh uhvwulfw dwwhqwlrq wr lqfhqwlyh frpsdwleoh gluhfw uhyhodwlrq phfkd0
qlvpv +zlwkrxw orvv ri jhqhudolw| dffruglqj wr wkh uhyhodwlrq sulqflsoh,/ dqg zh
zloo vkrz wkdw qr vxfk phfkdqlvp fdq surylgh h!flhqw lqyhvwphqw lqfhqwlyhv1
Lqfhqwlyh frpsdwlelolw| uhtxluhv wkdw
 z+d>d>d,   z+d￿>d>d, dqg
 z +d￿>d ￿>d ￿,   z+d ￿>d>d ￿,>
zklfk/ zkhq d?d ￿/ fdq eh lqwhusuhwhg/ uhvshfwlyho|/ dv vd|lqj wkdw wkh djhqw
fdq*w lpsuryh klv sd|r e| fodlplqj wr kdyh zrunhg kdug +d￿, zkhq kh vklunhg/
qru fdq wkh sulqflsdo pdqdjh wr sd| d orzhu zdjh e| fodlplqj wkh djhqw vklunhg
zkhq kh glgq*w1 Frpelqlqj wkhvh lqhtxdolwlhv |lhogv
z+d￿,  z+d,   z+d￿>d>d ￿,  z+d ￿>d>d,
@+ 4  { + d ￿ >d,,^S +d￿>d>d ￿,S+d ￿>d>d,`
@+ 4  { + d ￿ >d,,+^D ^V +d￿,` .  y +d￿,`  ^D ^V +d,` .  y +d,`,=
46Xvlqj wkh idfw wkdw {+d￿>d,3/ wrjhwkhu zlwk wkh phdq ydoxh wkhruhp |lhogv
z+d￿,  z+d,  +3
D ^V + d,`Y 3 + d,.+ 4 3
D^ V+ d,`, y3 + d,,+d￿  d, +46,
iru vrph  d 5 +d>d￿,1 Wkhq vlqfh Y 3 +d￿,@4A y 3+ d ￿, / 3
D+ V ,?4 /d q gY 3+  ,
dqg  y3 +, duh frqwlqxrxv/ wkhuh h{lvwv dq d3 ?d ￿vxfk wkdw
3
D ^V + d,`Y 3 + d,.+ 4 3
D^ V+ d,`,  y3 + d, ? 4
iru doo  d 5 ^d3>d ￿,1 Lw/ wkhq/ iroorzv iurp +46, wkdw
 z+d￿,   z+d3, ?d ￿d 3>
ru/ uhzulwlqj/
z +d￿,  d￿ ?z+ d 3,d 31
Exw wklv phdqv wkdw wkh djhqw suhihuv wr fkrrvh dfwlrq d3 wr dfwlrq d￿/ vr wkdw
d￿ lv qrw lpsohphqwdeoh e| dq| phfkdqlvp1
Wkh surri ri wklv sursrvlwlrq vkrzv wkdw zkhq +8, idlov/ dq| phfkdqlvp wkdw
wulhv wr lqgxfh hruw d￿ zrxog vxhu iurp rqh ri wzr sureohpv= Li wkh sd|phqwv
iru dqqrxqfhphqwv +d￿>d,duh odujh/ wkhq wkh djhqw zloo suhihu wr vklun dqg fodlp
kh zrunhg kdug> ru li sd|phqwv duh vpdoo/ wkhq hyhq li wkh djhqw zrunv kdug/
wkh sulqflsdo zloo fodlp kh vklunhg1
Vxssrvh/ lqvwhdg wkdw frqglwlrq +8, lv phw1 Revhuyh wkdw/ li wkh djhqw lv ulvn
qhxwudo/
s+d>s4,@ D^ V+ d ,` .  y +d,/
zkhuh s+d>s4, lv dv ghqhg lq Vhfwlrq 61 Khqfh/ surylghg
D ^V +d,` .  y +d,  d +47,
lv txdvl0frqfdyh/ zlwk d qhjdwlyh vhfrqg ghulydwlyh dw dq| srlqw dw zklfk lw
kdv d }hur uvw ghulydwlyh +dv zrxog eh wuxh/ iru lqvwdqfh/ li D ^V +d,` .  y +d,
zhuh vwulfwo| frqfdyh,/ wkhq wkh uvw ehvw lv dwwdlqdeoh e| Sursrvlwlrq 61 Wklv
revhuydwlrq dqg Sursrvlwlrq 7 |lhog=
Sursrvlwlrq 8 Vxssrvh +l, d ulvn0qhxwudo djhqw> +ll, vwulfwo| prqrwrqh vkdulqj
lq uhqhjrwldwlrq> +lll, +47, lv txdvl0frqfdyh/ zlwk d qhjdwlyh vhfrqg ghulydwlyh
dw dq| srlqw dw zklfk lw kdv d }hur uvw ghulydwlyh> dqg +ly, Y 3 +, dqg  y3 +, duh
frqwlqxrxv lq d qhljkerukrrg ri wkh uvw0ehvw dfwlrq/ d￿1 Wkhq wkh iroorzlqj duh
doo htxlydohqw=
 Wkh uvw ehvw lv dwwdlqdeoh li dqg rqo| li +8, krogv>53
53Wkh uhvxowv ri Vhjdo dqg Zklqvwrq +4<<:,/ lqghshqghqwo| hvwdeolvkhg/ fdq eh dssolhg lq
rxu iudphzrun wr vkrz wkdw dq| phvvdjh jdph fdq eh uhsodfhg zlwk d +srvvleo| udqgrpl}hg,
xqfrqwlqjhqw frqwudfw wkdw lpsohphqwv wkh vdph lqyhvwphqwv1 E| vwxg|lqj xqfrqwlqjhqw
frqwudfwv/ rqh frxog wkhq rewdlq rxu uhvxow wkdw wkh ￿uvw ehvw lv dwwdlqdeoh zlwk d ulvn0qhxwudo
djhqw li dqg rqo| li +8, krogv1
47 Wkh uvw ehvw lv dwwdlqdeoh li dqg rqo| li lw fdq eh rewdlqhg e| dq rswlrq
frqwudfw> dqg
 Wkh uvw ehvw lv dwwdlqdeoh li dqg rqo| li wkh sulqflsdo*v dqg djhqw*v dfwlrqv
duh vxevwlwxwhv1
Wkhvh uhvxowv duh forvho| uhodwhg wr wkrvh ri Fkh dqg Kdxvfk +4<<9,/ zkr
vkrz lq d wudglqj prgho wkdw wkh sduwlhv fdq qhyhu dfklhyh wkh uvw ehvw/ dqg
lq idfw gr ehvw wr zulwh qr frqwudfw1 Wkh pdlq glhuhqfh ehwzhhq wkhlu dqdo|vlv
dqg rxuv lv wkdw wkh| vwxg| wkh fdvh ri pd{lpxp frpsohphqwdulw|zkhq wkh
dvvhw kdv qr ydoxh wr wkh djhqw154 Khqfh wkhlu prgho kdv qr wkuhdw0srlqw hhfw/
zklfk phdqv +8, dozd|v idlov1 Vhh wkh Frqfoxvlrq iru ixuwkhu glvfxvvlrq1
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Zkhq wkh djhqw lv ulvn dyhuvh/ h!flhqf| glfwdwhv wkdw wkh sduwlhv zloo zlvk wr
dyrlg h{srvlqj wkh djhqw wr ulvn1 Frqvhtxhqwo|/ li {+a dD>a dS, 5 +3>4,/ wkh sduwlhv
zloo uhqhjrwldwh ehiruh " lv uhdol}hg> wkdw lv/ djuhh wr d {hg zdjh lq h{fkdqjh
iru judqwlqj wkh sulqflsdo rzqhuvkls155 Zlwk wklv lq plqg/ ghqh
 j FH+a dD>a dS>d,
U4
u x^u.s+a dD>a dS>3,`i +umd>3,gus+a dD>a dS>3, +djhqw*v
fhuwdlqw|0htxlydohqw ydoxh ri rzqlqj wkh dvvhw dw wkh hqg,>
  V +d,  Y +d, j FH+a dD>a dS>d,+vxusoxv iurp wudglqj dvvhw diwhu wkh phfk0
dqlvp jlyhv wkh djhqw rzqhuvkls,>




.j FH+a dD>a dS>d,.s+a dD>a dS>3, +wrwdo sd|phqw
wr djhqw li wkh phfkdqlvp jlyhv klp rzqhuvkls,>
  z+a dD>a dS>d,{+a dD>a dS,s+a dD>a dS>4,.^4  {+a dD>a dS,`  S +a dD>a dS>d,+wkh
djhqw*v h{shfwhg zdjh diwhu dqqrxqfhphqwv exw ehiruh wkh uhdol}dwlrq ri
",>
  x+a dD>a dS>d,{+a dD>a dS,x^s+a dD>a dS>4,`.^4  {+a dD>a dS,`x
k
 S +a dD>a dS>d,
l
+wkh djhqw*v h{shfwhg xwlolw| diwhu dqqrxqfhphqwv iurp wkh jdpeoh ryhu
",>
 h fh+a dD>a dS>d,x ￿4^ x+a dD>a dS>d,`1
  v+a dD>a dS>d,  z+a dD>a dS>d,h fh+a dD>a dS>d,+vxusoxv wr eh uhdol}hg e| uhqh0
jrwldwlqj diwhu dqqrxqfhphqwv/ exw ehiruh " lv uhdol}hg,>
  Z +a dD>a dS>d, D^ v+a dD>a dS>d,`. h fh+a dD>a dS>d,+wrwdo sd|phqw wr djhqw,>
54Dqrwkhu gl￿huhqfh lv wkdw lq wkhlu prgho ￿ uhsuhvhqwv txdqwlw| wudghg dqg lv fkrvhq iurp
d frqwlqxxp1
55Iru lqvwdqfh/ li zh ylhzhg wkh frxuw dv d phfkdqlvp/ wkh sduwlhv frxog vhwwoh wkhlu fdvh
diwhu whvwli|lqj exw ehiruh wkh mxgjh ru mxu| uhqghuv d yhuglfw￿d frpprq sudfwlfh lq olwljdwlrq1
48  X +a dD>a dS>d,x
k
 Z+a dD>a dS>d,
l
+djhqw*v xwlolw|,> dqg
 X +d,@ X+ d>d>d,1
Revhuyh/ e| frqvwuxfwlrq/  X lv prqrwrqlf lq  Z1
Uhfdoo wkdw e| xvlqj dq rswlrq/ zh fdq pdnh wkh djhqw*v lqfhqwlyh sureohp
rqh0vlghg1 Wkdw lv/ e| xvlqj dq rswlrq/ zh qhhg qrw zruu| derxw wkh djhqw
ryhu0h{huwlqj klpvhoi/ rqo| xqghu0h{huwlqj klpvhoi1 Vshflfdoo|/ dvvxph wkdw
diwhu wkh djhqw kdv fkrvhq klv dfwlrq/ exw sulru wr dqqrxqfhphqwv/ wkh sulqflsdo
kdv wkh rswlrq wr wdnh srvvhvvlrq ri wkh dvvhw lq h{fkdqjh iru sd|lqj wkh djhqw
x￿4 +d￿,1 Vlqfh/ lq d uvw0ehvw htxloleulxp/ wkh djhqw lv sdlg x￿4 +d￿, zlwk
fhuwdlqw| li kh fkrrvhv d￿/ wkh djhqw zrq*w fkrrvh dAd ￿ > vr zh fdq olplw
dwwhqwlrq wr d  d￿1
E| wkh uhyhodwlrq sulqflsoh/ zh fdq uhvwulfw dwwhqwlrq wr wuxwk0whoolqj htxl0
oleuld1 Lq vxfk htxloleuld/ wkh frqglwlrqv iru wkh uvw ehvw wr rewdlq duh
X +d￿,  d￿ @3 dqg +LU,
X +d￿,  d￿  X +d,  d/ iru doo d?d ￿1 +LF,
Zh fdq uhzulwh +LF, dv
X +d￿,  X +d,
d￿  d
 41+ L F 3 ,
Wuxwk0whoolqj uhtxluhv
 X +d>d>d,   X +d￿>d>d, dqg
 X +d￿>d ￿>d ￿,   X+d ￿>d>d ￿,>
wkdw lv/ uhvshfwlyho|/ wkh djhqw fdq*w lpsuryh klv sd|r e| o|lqj/ qru fdq wkh
sulqflsdo lpsuryh khuv e| o|lqj1 Frpelqlqj wkhvh wzr h{suhvvlrqv |lhogv
X +d￿,  X +d,   X +d￿>d>d ￿,  X+d ￿>d>d,1+ 4 8 ,
Xvlqj wkh phdq0ydoxh wkhruhp/ wkh uljkw0kdqg vlgh htxdov
 X6 +d￿>d> d,+d ￿d,
iru vrph  d 5 ^d>d￿`156 Wkh lqhtxdolw| fdq eh uhzulwwhq dv



































zkhuh wkh ixqfwlrqv  Z/  v/ h fh/  V/  S/d q gj FH duh doo hydoxdwhg dw +d￿>d> d,1
Iurp +LF3,/ d qhfhvvdu| frqglwlrq iru dfklhylqj wkh uvw ehvw lv wkdw wkh
uljkw0kdqg vlgh ri +49, eh dw ohdvw rqh iru doo d?d ￿1 Vrph revhuydwlrqv=
56Zkhuh ￿ L￿ lv wkh sduwldo ghulydwlyh ri ￿ L zlwk uhvshfw wr lwv wklug dujxphqw1
4941 Li {+d￿>d,@4iru doo d?d ￿/ wkhq wkh uljkw0kdqg vlgh ri +49, pxvw eh }hur/
vr wkh uvw ehvw lv qrw rewdlqdeoh1 Wklv lv lqwxlwlyh= Li wudgh lv jxdudqwhhg/
wkh djhqw kdv qr lqfhqwlyhv wr h{shqg hruw1
51 Li {+d￿>d,@3iru doo d?d ￿wkdw lv/ zh kdyh dq rswlrq frqwudfw olnh wkh
rqhv lq Vhfwlrq 6wkhq wkh uljkw0kdqg vlgh ri +49, uhgxfhv wr
x3
k


















1+ 4 : ,
Pruhryhu/ li { grhv qrw ghshqg rq dqqrxqfhphqwv/ wkhq s+a dD>a dS>3, pxvw
dovr eh lqghshqghqw ri dqqrxqfhphqwv iru wuxwk0whoolqj1 Frqvhtxhqwo|/




















dv d % d￿1 Khqfh/ wkh uvw ehvw fdqqrw eh dfklhyhg li +8, idlov wr krog1
61 Wkh prvw lqwuljxlqj srvvlelolw| rffxuv zkhq { 5 +3>4,1 Lq wklv fdvh/ zlwk
d ulvn0dyhuvh hqrxjk djhqw/ lw lv srvvleoh wkdw
5
73








8  ^4  {+d￿>d,` A 4
+vlqfh S fdq eh pdgh ohvv wkdq h fh dqg x+, lv frqfdyh,1 Khqfh/ li +8, mxvw




















lv qrw wrr pxfk vpdoohu wkdq rqhwkhq wkh uljkw0kdqg vlgh ri +49, fdq
h{fhhg rqh/ dw ohdvw iru d lq d qhljkerukrrg ri d￿1
Xqiruwxqdwho|/ zh kdyh ehhq xqdeoh wr ghulyh vx!flhqwo| jhqhudo frqglwlrqv
xqghu zklfk wkh sduwlhv zloo eh deoh wr h{sorlw wkh djhqw*v ulvn dyhuvlrq dv
rxwolqhg lq Revhuydwlrq &6 wr dfklhyh wkh uvw ehvw1 Wkh frqglwlrqv xqghu
zklfk ulvn dyhuvlrq fdq eh h{sorlwhg lq wklv zd| vwulnh xv dv vx!flhqwo| olplwhg
dv wr eh qrw zruwk sxuvxlqj khuh157 Lqvwhdg/ lq wkh qh{w vhfwlrq/ zh h{soruh dq
dowhuqdwlyh yduldqw ri wkh prgho zlwk pruh jhqhudo dssolfdwlrqv1
57Dprqj wkh dvvxpswlrqv wkdw duh vx!flhqw iru dfklhylqj wkh ￿uvw ehvw duh wkdw wkh grpdlq







dv ￿ ￿3 "iru doo frqvwdqwv &:3"/ dqg Y-*Y@ D D:firu doo @ M dfc@ Wo1 Ghwdlov dydlodeoh
iurp wkh dxwkruv xsrq uhtxhvw1
4:8 Yhuldeoh Lqirupdwlrq
Vr idu/ wkh rqo| yhuldeoh lqirupdwlrq lv zkr rzqv wkh dvvhw dqg zkdw sd|phqwv
kdyh ehhq pdgh1 Dv wkh Lqwurgxfwlrq dujxhg/ krzhyhu/ lq pdq| vhwwlqjv/ vxfk dv
wkh Sl{du0Glvqh| h{dpsoh/ wkh sulqflsdo vkrxog eh deoh wr surylgh d frxuw zlwk
dw ohdvw lpshuihfw hylghqfh derxw d zkhq vkh fdq revhuyh d1 Iru wklv uhdvrq/ zh
qrz dvvxph wkdw d yhuldeoh vljqdo derxw d lv dydlodeoh1
Ohw wkh yhuldeoh vljqdo eh  5  dqg ohw J+md, eh d suredelolw| phdvxuh
frqglwlrqdo rq d wkdw pdsv vrph 0dojheud ri  lqwr U1 Zh frqvlghu frqwudfwv
lq zklfk wkh sulqflsdo pdlqwdlqv rzqhuvkls ri wkh dvvhw dqg frpplwv wr sd| wkh
djhqw d zdjh z+,=$U 1 Revhuyh wkdw li wkh djhqw fkrrvhv wkh uvw0ehvw
dfwlrq/ d￿/ wkhq wkh sulqflsdo zloo fkrrvh khu uvw0ehvw dfwlrq/ e￿1 Ilqdoo|/ zh
dvvxph wkdw ehwzhhq wkh wlph wkh sulqflsdo revhuyhv d dqg wkh uhdol}dwlrq ri 
wkdw wkh sulqflsdo dqg djhqw fdq uhqhjrwldwh wkhlu frqwudfw158
Zh ehjlq e| uhylhzlqj d uhvxow ri Khupdolq dqg Ndw} +4<<4, =
Sursrvlwlrq 9 Dvvxph wkhuh h{lvwv d frqwudfw z +, wkdw zrxog lqgxfh wkh uvw0
ehvw dfwlrq/ d￿/ iurp wkh djhqw devhqw uhqhjrwldwlrq159 Wkhq li hlwkhu wkh sulq0
flsdo ru wkh djhqw kdv doo wkh edujdlqlqj srzhu lq uhqhjrwldwlrq +l1h1/ D +V,@3
ru V,/ wkh uvw0ehvw rxwfrph lv dwwdlqdeoh1
Surri= Iroorzv iurp Khupdolq dqg Ndw}*v Fruroodu| 6/ wkhlu Sursrvlwlrq 6/ dqg
wkhlu glvfxvvlrq suhfhglqj wkhlu Sursrvlwlrq 61
Uhpdun 6 Zkhq wkh djhqw kdv doo wkh edujdlqlqj srzhu +l1h1/ D +V,@V ,/
wkhq Ghpvnl dqg Vdsslqjwrq*v rswlrq frqwudfw zloo dovr |lhog wkh uvw ehvw +vhh
rxu Sursrvlwlrq 4 deryh,1
Sursrvlwlrq 9 kdv wkh vdph gudzedfn wkdw Ghpvnl dqg Vdsslqjwrq grhvlw
uholhv rq rqh vlgh ehlqj deoh wr pdnh d wdnh0lw0ru0ohdyh0lw rhu lq uhqhjrwldwlrq1
Khupdolq dqg Ndw} sursrvh dq h{whqvlrq ri wklv uhvxow wr d pruh jhqhudo edu0
jdlqlqj jdph +wkhlu Sursrvlwlrq 7,1 Xqiruwxqdwho|/ wkhlu surri grhv qrw surshuo|
dffrxqw iru uhqhjrwldwlrq +wkh| vkrz wkhlu frqwudfw lv lqfhqwlyh frpsdwleoh de0
vhqw uhqhjrwldwlrq/ exw qrw xqghu uhqhjrwldwlrq,1
Wr dssuhfldwh zkdw fdq jr zurqj lq pruh jhqhudo edujdlqlqj jdphv/ frqvlghu
wkh iroorzlqj h{dpsoh1 Dvvxph x+z, @ oq+z,1 Wkhuh duh wzr srvvleoh vljqdov/






7 li d  4
1
Vxssrvh wkh uvw0ehvw dfwlrq lv d @4 1 Revhuyh wkdw lw lv lpsohphqwdeoh zlwkrxw
uhqhjrwldwlrq e| Sursrvlwlrq 5 ri Khupdolq dqg Ndw} +4<<4,1 Vxssrvh wkdw
58Zh dvvxph wkdw dw wkh uhqhjrwldwlrq vwdjh wkh rqo| lqirupdwlrq wkdw fdq eh xvhg wr
iruhfdvw w lv @1 Vhh Khupdolq dqg Ndw} +4<<4, iru d glvfxvvlrq ri zkdw kdsshqv li dgglwlrqdo
lqirupdwlrq ehfrphv dydlodeoh +￿ohdnv￿, dw uhqhjrwldwlrq1
59Khupdolq dqg Ndw} +4<<4, jlyh plog frqglwlrqv xqghu zklfk wklv lv wuxh li X lv glvfuhwh1
Wkhvh frqglwlrqv fdq eh uhdglo| h{whqghg wr fryhu d frqwlqxxp ri vljqdov1
4;wkh sulqflsdo*v edujdlqlqj srzhu lq uhqhjrwldwlrq lqfuhdvhv zlwk d1 Vshflfdoo|/
dvvxph vkh kdv doo wkh edujdlqlqj srzhu zkhq d @4 / exw qr edujdlqlqj srzhu
zkhq d @3 1 Wkh djhqw*v xwlolw| li kh fkrrvhv d @3lv/ wkhq/


















D qhfhvvdu| frqglwlrq iru d @4wr eh lpsohphqwdeoh zlwk uhqhjrwldwlrq lv wkdw
wkhuh h{lvw z4 dqg z5 vxfk wkdw
X4 +z4>z 5,X 3+z 4>z 5,1+ 4 ; ,
Krzhyhu/ qr vxfk z4 dqg z5 h{lvw15: Khqfh/ wkh uvw ehvw lv qrw lpsohphqwdeoh
xqghu wklv edujdlqlqj jdph1
Dgplwwhgo|/ wkh edujdlqlqj jdph khuh lv txlwh vshfldo> lq sduwlfxodu/ lw lv
qrq0prqrwrqlf1 Lwv sxusrvh lv vroho| wr suryh wkdw wkh uhvxowv ri Sursrvlwlrq 9
duh vhqvlwlyh wr wkh uhqhjrwldwlrq surfhvv1
Sursrvlwlrq : Wkh idfw wkdw dfwlrq  d lv lpsohphqwdeoh zlwkrxw uhqhjrwldwlrq
grhv qrw hqwdlo wkdw lw lv lpsohphqwdeoh iru doo uhqhjrwldwlrq surfhvvhv1
Wr xqghuvwdqg zk| lw*v qrw srvvleoh wr lpsohphqw wkh uvw ehvw lq wkh suhyl0
rxv h{dpsoh/ frqvlghu Iljxuh 415; Qhfhvvdu| frqglwlrqv iru wkh uvw ehvw duh wkdw
X4 +z4>z 5,@3+wkh lqglylgxdo udwlrqdolw| frqvwudlqw, dqg +4;, krog1 Jlyhq wkh
lqglylgxdo udwlrqdolw| frqvwudlqw/ zh fdq uhzulwh +4;, dv X3 +z4>z 5,?31 Zkhq
wkh djhqw kdv doo wkh edujdlqlqj srzhu/ klv lqglhuhqfh fxuyhv lq zdjh vsdfh duh
vwudljkw olqhv1 Zkhq wkh sulqflsdo kdv doo wkh edujdlqlqj srzhu/ wkh djhqw*v lqgli0
ihuhqfh fxuyhv duh frqyh{1 X3 lv klv lqglhuhqfh fxuyh sdvvlqj wkurxjk x￿4 +3,
dvvxplqj kh kdv wkh edujdlqlqj srzhu1 X4 lv klv lqglhuhqfh fxuyh sdvvlqj
wkurxjk x￿4 +4, dvvxplqj wkh sulqflsdo kdv wkh edujdlqlqj srzhu1 Iru d frq0
wudfw wr vdwlvi| lqglylgxdo udwlrqdolw|/ lw pxvw olh rq X41 Iru lw wr vdwlvi| lqfhqwlyh
frpsdwlelolw| +4;,/ lw pxvw olh ehorz X31 Ehfdxvh/ krzhyhu/ x￿4 +4, Ax ￿ 4+3,
dqg wkh djhqw lv vx!flhqwo| ulvn dyhuvh/ X3 lv dozd|v ehorz X4> wkdw lv/ qr
frqwudfw lpsohphqwv d @4jlyhq wkh edujdlqlqj jdph zh dvvxphg1
Lq oljkw ri wklv h{dpsoh/ wkh reylrxv uhphg| lv wr uhvwulfw dwwhqwlrq wr
edujdlqlqj jdphv lq zklfk wkh djhqw*v edujdlqlqj srzhu lv dozd|v vx!flhqwo|
elj1 Zh fdswxuh wkh lghd ri vx!flhqwo| elj e| vd|lqj d prqrwrqlf vkdulqj uxoh
lv xqlirupo| vwulfw li 3
D +, 5 +>4, iru vrph A3 1 Lq wklv fdvh/ zh fdq suryh
5:Pd{lpl}lqj L￿ E￿￿c￿ 2￿3L fE￿ ￿c￿ 2￿zlwk uhvshfw wr ￿￿ dqg ￿2 uhyhdov wkdw dq| ￿￿ dqg





3 ￿c zklfk lv qhjdwlyh1
5;Lq wklv ￿jxuh dqg wkh qh{w/ zh dgrsw wkh frqyhqwlrq ri odeholqj srlqwv rq wkh eD￿ olqh e|
wkh frpprq ydoxh ri wkhlu frruglqdwhv +h1j1/ wkh srlqw E￿c￿￿ zrxog eh odehohg dv ￿,1
4<Iljxuh 4= Wkh uvw ehvw/ d @4 /l vqrw dwwdlqdeoh ehfdxvh X4 fdq qhyhu eh ehorz
X3 zkhq wkh sulqflsdo kdv doo wkh edujdlqlqj srzhu dw d @4dqg wkh djhqw kdv
d o or il wd wd@3 1
53d voljkwo| glhuhqw/ exw fruuhfw yhuvlrq ri Khupdolq dqg Ndw}*v Sursrvlwlrq 71
Zh vkrz wkdw hyhq qrlv| vljqdov zloo idflolwdwh h!flhqw frqwudfwv iru xqlirupo|
vwulfwo| prqrwrqlf edujdlqlqj jdphv1
Sursrvlwlrq ; Dvvxph wkhuh h{lvwv d vxevhw ￿ ri  vxfk wkdw J+￿md￿, A
J+￿md, iru doo d 9@ d￿/ wkdw wkh udqjh ri x+, lv xqerxqghg/ dqg wkdw wkh vhw ri
ihdvleoh dfwlrqv/ D/l vdqlwh vxevhw ri ^3>4,1 Wkhq wkh uvw0ehvw rxwfrph lv
dwwdlqdeoh iru xqlirupo| vwulfwo| prqrwrqlf vkdulqj uxohv1
Surri= Ghqh  +d,@J+￿md, dqg frqvlghu wkh frqwudfw
z+,@

z 4/l i5 ￿
z 5/l i@ 5 ￿ 1
Diwhu wkh djhqw fkrrvhv d/ wkh sduwlhv zloo uhqhjrwldwh1 E| dvvxpswlrq/ wkh
djhqw*v uhvxowlqj xwlolw| lv
k+z4>z 5>d,@x+  D^a v+z4>z 5>+d,,` . e fh+z4>z 5>+d,,,/
zkhuh
e fh+z4>z 5>,  x ￿4^x+z4,.+ 4,x+ z 5,` dqg
a v+z4>z 5>,  z4 .+ 4,z 5e fh+z4>z 5>,1
D frqwudfw dfklhyhv wkh uvw ehvw li dqg rqo| li
k+z4>z 5>d ￿,d ￿ @3 > dqg +4<,
k+z4>z 5>d,d  k+z 4>z 5>d ￿,d ￿ iru doo d 9@ d￿1+ 5 3 ,
Ghqh z￿
5 +z4, vr wkdw kz4>z ￿
5+z 4,l vdwlvhv +4<,1 Wr vhh wkdw z￿
5 +, lv zhoo0
ghqhg/ revhuyh wkdw e fh+z4>z 5>, dqg z4 .+ 4 ,z 5 kdyh srvlwlyh uvw
ghulydwlyhv zlwk uhvshfw wr erwk z4 dqg z51 Khqfh/ xqghu d vwulfwo| prqrwrqlf
vkdulqj uxoh/ k kdv srvlwlyh uvw ghulydwlyhv zlwk uhvshfw wr erwk z4 dqg z51
Wrjhwkhu zlwk wkh idfw wkdw
z4 @ z5 @ x￿4 +d￿,
vdwlvi| +4<,/ wkhvh revhuydwlrqv lpso| wkdw z￿
5 +, lqghhg h{lvwv dqg/ pruhryhu/ lv
ghfuhdvlqj dqg frqwlqxrxv1 Qrwh wkdw z4 Ax ￿ 4+ d ￿,lpsolhv z￿
5 +z4, ?z 41I r u
wkh uhpdlqghu ri wkh surri/ zh zloo frqvlghu rqo| z4 Ax ￿ 4+ d ￿, 1
Revhuyh wkdw/ iru kz4>z ￿
5+z 4,l/ +53, fdq eh uhzulwwhq dv
k+z4>z ￿
5+z 4,>d,d3iru doo d 9@ d￿1+ 5 4 ,
Ohw
T+z4>z 5>, D^a v+z4>z 5>,` . e fh+z4>z 5>,/
wkhq zh fdq uhzulwh +53, xvlqj +4<, dqg +54, dv
T+z4>z ￿
5+z 4,>+d ￿,,  T+z4>z ￿
5+z 4,>+d,,  x￿4 +d￿,  x￿4 +d, +55,






5+z 4,>,`+z4  z￿
5 +z4,,
.+ 4   3





Qrwh C e fh@C A 3 ehfdxvh z4 Az ￿
5+ z 4 , 1 Vlqfh wkh vkdulqj uxoh lv xqlirupo|
vwulfwo| prqrwrqlf/ wkhuh h{lvwv dq A3vxfk wkdw
CT
g
 +z4  z￿
5 +z4,,1+ 5 6 ,
Qrz/ hpsor| wkh phdq ydoxh wkhruhp dqg/ wkhq/ +56,/ wr duulyh dw
T+z4>z ￿
5+z 4,>+d ￿,,T+z4>z ￿
5+z 4,>+d,,  ^ +d￿,   +d,` +z4  z￿
5 +z4,,1
Vlqfh D lv qlwh/ zh fdq fkrrvh a d 5D qi d ￿jwr plqlpl}h  +d￿,   +d,1
T+z4>z ￿
5+z 4,>+d ￿,,T+z4>z ￿




5 +, lv d frqwlqxrxv dqg ghfuhdvlqj ixqfwlrq dqg +d￿, A +a d,/z h
fdq qg d z￿





4,>+d ￿,,  T+z￿
4>z ￿
5+z ￿
4,>+d,,  x￿4 +d￿,  x￿4 +d,
iru doo d 9@ d￿1 Khqfh/ +55, dqg/ wkxv/ +53, krogv1 E| frqvwuxfwlrq/ +4<, krogv1




Lqwxlwlyho|/ dv wkh djhqw vzlwfkhv iurp d wr d￿ kh udlvhv wkh suredelolw| 
wkdw  5 ￿=Udlvlqj  lqfuhdvhv zkdw wkh sulqflsdo lv zloolqj wr sd| wkh djhqw
wr ex| rxw wkh frqwudfw dw d udwh z4  z5= Wkh djhqw*v edujdlqlqj srvlwlrq dovr
lpsuryhv zlwk lqfuhdvhv lq / exw hyhq ljqrulqj wklv/ wkh djhqw uhfhlyhv dw ohdvw
d vkduh  ri wkh sulqflsdo*v h{wud zloolqjqhvv wr sd| xqghu xqlirupo| prqrwrqlf
vkdulqj1 Khqfh/ e| gulylqj wkh zhgjh z4z5 vx!flhqwo| odujh +pdlqwdlqlqj wkh
+LU, frqvwudlqw,/ zh fdq lqgxfh dq duelwudulo| odujh qdo sd| glhuhqfh ehwzhhq
dfwlrqv d￿ dqg d1 Iru d qlwh vhw ri dfwlrqv/ wklv lv vx!flhqw wr qg d uvw0ehvw
frqwudfw1
Rqh vwulnh djdlqvw Sursrvlwlrq ; lv wkdw lw fkdqjhv wkh dfwlrq vsdfh iurp
wkh qrq0qhjdwlyh uhdo qxpehuv wr d qlwh +dowkrxjk duelwudulo| odujh, vxevhw ri
wkhp1 Dv d pdwwhu ri hfrqrplfv wklv lv qrw whuuleohdq dujxphqw fdq eh pdgh
wkdw wkh zruog lv glvfuhwh dqg frqwlqxrxv prghov duh wkh juhdwhu devwudfwlrq1
Qhyhuwkhohvv/ iru frpsohwhqhvv/ zh h{whqg wkh dqdo|vlv wr wkh frqwlqxrxv fdvh1
Sursrvlwlrq < Vdph dvvxpswlrqv dv Sursrvlwlrq ;/ h{fhsw ohw D @^ 3 > 4 , 1
Dvvxph/ lq dgglwlrq/ wkdw J+￿m, lv d frqwlqxrxv ixqfwlrq1 Wkhq iru dq|
%A3 / wkhuh lv d frqwudfw wkdw lqgxfhv dq dfwlrq zlwklq % ri wkh uvw0ehvw dfwlrq/
d￿1
55Surri= Wkh qrwdwlrq lv wkh vdph dv lq wkh suhylrxv surri1 Vlqfh +, lv frqwlq0
xrxv/ ohw a d 5dujpd{
^3>d￿￿%‘
+d,/ dqg fkrrvh z￿




4,>+d ￿,,  T+z￿
4>z ￿
5+z ￿
4,>+a d,,  x￿4 +d￿,  x￿4 +3,=







4,dqg d￿ pd{lpl}hv +d,/ fkrrvlqj d￿ grplqdwhv




d 5 +d￿  %>d￿`1
Lq rwkhu zrugv/ xqghu dssursuldwh frqglwlrqv rq wkh glvwulexwlrq ri wkh vljqdo
frqglwlrqdo rq wkh djhqw*v dfwlrq/ zh fdq eh vxuh ri jhwwlqj duelwudulo| forvh wr
wkh uvw ehvw zkhq wkh djhqw*v dfwlrq vsdfh lv frqwlqxrxv1
Wkh frqglwlrq wkdw wkhuh h{lvw vrph vhw ￿   vxfk wkdw d￿ pd{lpl}hv
J+￿md, zdv lpsruwdqw iru hvwdeolvklqj wkhvh uhvxowv1 Wklv frqglwlrq zrxog eh
vdwlvhg/ iru h{dpsoh/ li  @ d . / zkhuh  lv d phdq0}hur udqgrp yduldeoh
zkrvh ghqvlw| lv txdvl0frqfdyh zlwk d prgh ri }hur> wkdw lv/ orrvho|/ li wkh vljqdo
lv d qrlv| revhuydwlrq ri wkh dfwlrq15< Wklv frqglwlrq doorzv xv wr uhgxfh wkh
sureohp wr d wzr0vwdwh sureohp1 Lq wklv wzr0vwdwh zruog/ dq djhqw*v lqglhuhqfh
fxuyh olhv ehwzhhq wkh vwudljkw olqh wkdw zrxog eh klv lqglhuhqfh fxuyh li kh
kdg doo wkh edujdlqlqj srzhu +h1j1/ X3 lq Iljxuh 4, dqg wkh fxuyh wkdw zrxog eh
klv lqglhuhqfh fxuyh li wkh sulqflsdo kdg doo wkh edujdlqlqj srzhu +h1j1/ X4 lq
Iljxuh 4,1
Frqvlghu Iljxuh 51 Ohw D @ id4>d 5>d ￿jdqg ohw X￿ eh wkh lqglhuhqfh fxuyh
sdvvlqj wkurxjk x￿4 +d￿, frqglwlrqdo rq d @ d￿1 Wr vdwlvi| lqglylgxdo udwlrqdolw|/
d uvw0ehvw frqwudfw pxvw olh rq X￿1O h wX+ d, eh wkh lqglhuhqfh fxuyh sdvvlqj
wkurxjk x￿4 + d, frqglwlrqdo rq d @ d 1 Revhuyh wkdw vlqfh J+￿md￿, AJ+￿m d,/
X￿ lv vwhhshu zkhq furvvlqj wkh 78￿ olqh wkdq dq| X + d,1 Wr vdwlvi| lqfhqwlyh
frpsdwlelolw|/ d uvw0ehvw frqwudfw pxvw olh ehorz X + d, iru doo  d 9@ d￿1 Frqvlghu/
h1j1/ z￿ lq Iljxuh 51 Vlqfh lw olhv rq X￿ exw ehorz X + d, iru doo  d 9@ d￿/l wl vd
uvw0ehvw frqwudfw1 Sursrvlwlrq ; hvwdeolvkhv wkdw zh fdq gudz Iljxuh 5> wkdw
lv/ lw vkrzv wkdw wkh lqglhuhqfh fxuyhv xqghu d xqlirupo| vwulfwo| prqrwrqlf
vkdulqj uxoh duh qrw wrr  dw iru orz d q r uw r rf r q y h {i r ud ￿ / hlwkhu ri zklfk
frxog suhyhqw xv iurp qglqj d z￿1D v d $ d ￿ / wkh lqwhuvhfwlrq ri X + d, dqg
X￿ pd| dssurdfk +.4>4,1 Wklv lv zk| Sursrvlwlrq ; uhvwulfwv dwwhqwlrq wr
d qlwh vhw ri ihdvleoh dfwlrqv dqg zk|/ zlwk d frqwlqxxp ri ihdvleoh dfwlrqv/ zh
duh rqo| dvvxuhg ri jhwwlqj zlwklq % ri wkh uvw ehvw1
Dv Iljxuh 5 looxvwudwhv/ d uvw0ehvw frqwudfw frxog uhtxluh fkrrvlqj d srlqw
idu iurp wkh ixoo0lqvxudqfh +78￿, olqh1 Lq sulqflsoh/ wklv frxog srwhqwldoo| fuhdwh
wzr gl!fxowlhv iru dwwdlqlqj wkh uvw ehvw wkdw duh qrw frqwhpsodwhg e| rxu
prgho1 Iluvw/ vlqfh uhqhjrwldwlrq hqwdlov jrlqj iurp d ulvn| frqwudfw +h1j1/ z￿,
wr ixoo lqvxudqfh/ wkh iduwkhu dzd| wkh ulvn| frqwudfw lv iurp ixoo lqvxudqfh/ wkh
pruh wkh sduwlhv kdyh dw vwdnh lq wkhlu edujdlqlqj1 Li edujdlqlqj frvwvvr idu
dvvxphg wr eh }hurduh lqfuhdvlqj lq wkh dprxqw dw vwdnh/ wkhq wkh edujdlqlqj
5<Vhh Khupdolq dqg Ndw} +4<<4, iru ixuwkhu glvfxvvlrq ri wklv dvvxpswlrq dqg lwv uhodwlrqvkls
wr wkhlu ohvv uhvwulfwlyh ￿frqyh{0kxoo frqglwlrq1￿
56Iljxuh 5= Wkh uvw ehvw lv dwwdlqdeoh xqghu xqlirupo| vwulfw prqrwrqlf edujdlq0
lqj1
57frvwv dvvrfldwhg zlwk d frqwudfw wrr idu iurp ixoo lqvxudqfh frxog ohdg wkh sduwlhv
wr fkrrvh dq lqlwldo frqwudfw forvhu wr ixoo lqvxudqfh hyhq wkrxjk lw zrxog qrw
kdyh rswlpdo lqfhqwlyh surshuwlhv +l1h1/ zrxog lqgxfh dq dfwlrq rwkhu wkdq wkh
uvw0ehvw dfwlrq,1 Vhfrqg/ lw lv srvvleoh wkdw d uvw0ehvw lqlwldo frqwudfw frxog
kdyh d yhu| orz z5 +lqfoxglqj srvvleo| d qhjdwlyh ydoxh ghshqglqj rq x+,,1
Frqvhtxhqwo|/ wkh frxuwv pljkw lqwhusuhw z5 dv d shqdow| +hvshfldoo| li qhjdwlyh,
dqg uhixvh wr hqirufh lw/ flwlqj wkh shqdow| grfwulqh ru wkh odz*v dekruuhqfh ri
iruihlwxuh1 Dqwlflsdwlrq ri vxfk dq hyhqwxdolw| zrxog xqghuplqh wkh djhqw*v
lqfhqwlyhv1 Lw lv olnho|/ wkhuhiruh/ wkdw wkh uhvxowv lq Sursrvlwlrqv ; dqg < ghshqg
xsrq d frxuw*v zloolqjqhvv wr hqirufh sxqlwlyh oltxlgdwhg gdpdjh fodxvhv> ru/
ylhzhg rwkhuzlvh/ wr lpsrvh vshflf shuirupdqfh1
Wr frqvlghu wkh ohjdo lvvxhv lq d pruh frqfuhwh idvklrq/ ohw*v uhwxuq wr wkh
Sl{du0Glvqh| h{dpsoh1 Vxssrvh wkdw Glvqh| surplvhv wr sd| Sl{du  z i r udj r r g
op1 Lq h{fkdqjh/ Sl{du surplvhv wr pdnh d jrrg op +d @4 ,1 Dvvxph wkh
y d o x hr idj r r g o pl vY J/ zkloh wkh ydoxh ri d edg rqh lv YE ?Y J1 Dvvxph lw
lv h!flhqw +uvw ehvw, iru Sl{du wr zrun kdug +l1h1/ fkrrvh d @4 ,> l1h1/
YJ  x￿4 +4,  YE  x￿4 +3,1
Vkrxog d glvsxwh dulvh ehwzhhq Glvqh| dqg Sl{du/ wkh frxuw zrxog qg lwvhoi xq0
deoh wr ghwhuplqh zkhwkhu wkh op lv jrrg1 Lw fdq/ krzhyhu/ khdu wkh whvwlprq|
ri Vlvnho dqg Hehuw/ wzr uhsxwdeoh dqg surplqhqw op fulwlfv1 Wkhlu dssudlvdo/
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Vxssrvh wkh frxuwv uhixvh wr hqirufh vwlsxodwhg gdpdjhv dqg lqvwhdg lpsrvh
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Vxssrvh wkdw d jrrg op jhqhudwhv vxevwdqwldo vxusoxv> vshflfdoo|/ vxssrvh
YJ  YE A 5

x￿4 +4,  x￿4 +3,

+wkh glhuhqfh lq ehqhwv h{fhhgv wzlfh wkh glhuhqfh lq frvwv,1 Khqfh/ li }   }3/
vr wkdw }}3  4/ wkhq wkh sd|phqw glhuhqfh +YJYE, lv elj hqrxjk wr lqgxfh
63Vhh Uhvwdwhphqw +Vhfrqg, ri Frqwudfwv/ Vhfwlrqv 689/ 4<;4> dqg XFF Vhfwlrqv 50:4; +4,1
58Sl{du wr fkrrvh d @4 1Dy d o x hi r u zfdq wkhq eh irxqg vxfk wkdw wkh Sl{du*v
lqglylgxdo udwlrqdolw| frqvwudlqw lv mxvw vdwlvhg1 Krzhyhu/ dv }  }3 & 3/+ 5 8 ,
zloo idlo/ phdqlqj wkdw wkh uvw ehvw lv qrw lpsohphqwdeoh zlwk h{shfwdwlrq
gdpdjhv1 Wr lpsohphqw d @4zrxog/ wkhq/ uhtxluh doorzlqj frqwudfwv lq zklfk
z+YJ,  z+YE, AY J Y E > l1h1/ doorzlqj vwlsxodwhg gdpdjhv lq h{fhvv ri
h{shfwdwlrq gdpdjhv1
Zkhq }  }3 & 3/ Vlvnho dqg Hehuw*v dssudlvdo ehfrphv dq lqfuhdvlqjo| srru
vljqdo/ vr wkdw wuxh gdpdjhv duh lqfuhdvlqjo| gl!fxow wr dvfhuwdlq1 Vlqfh rqh
fulwhulrq iru ghwhuplqlqj zkhwkhu d vwlsxodwhg gdpdjhv fodxvh lv ydolg lv wkdw
gdpdjhv eh gl!fxow wr dvfhuwdlq/ lw lv whpswlqj wr vhh rxu qglqjv dv frqvlvwhqw
zlwk ohjdo uxohv164 Krzhyhu/ frxuwv w|slfdoo| uhtxluh wkdw wkh vwlsxodwhg gdp0
djhv eh d uhdvrqdeoh h{ dqwh dqwlflsdwlrq ri gdpdjhv/ ru d uhdvrqdeoh h{ srvw
dssur{lpdwlrq/ ru erwk165 Lq wklv fdvh/ wkh pd{lpxp dqwlflsdwhg gdpdjh lv
YJ YE/ vr vwlsxodwhg gdpdjhv wkdw vxevwdqwldoo| h{fhhghg wklv dprxqw zrxog
eh ylhzhg dv dq lqydolg shqdow|1 \hw/ dv zh*yh vhhq/ vxfk gdpdjhv pd| eh qhf0
hvvdu| wr surylgh dghtxdwh lqfhqwlyhv li wkhuh lv qr uholdeoh vljqdo wr ghwhuplqh
zkhq wkh| vkrxog eh dvvhvvhg1 Wkh vlwxdwlrq lv txlwh vlplodu wr wkh jhqhudo
ghwhuuhqfh dujxphqw ri Ehfnhu +4<9;, wkdw shqdowlhv pxvw eh pdq| wlphv wkh
vrfldo frvw ri dq loolflw dfwlylw| li wkh fkdqfhv ri dssuhkhqvlrq duh volp1 Wkh ohjdo
uxohv iru ghwhuplqlqj wkh ydolglw| ri oltxlgdwhg gdpdjh fodxvhv gr qrw vhhp wr
dffrxqw iru wklv idfw dghtxdwho|1
9 Frqfoxvlrq
Lw lv sureohpdwlf wr surylgh dq djhqw zlwk h!flhqw lqfhqwlyhv li +4, frqwudfwv
zloo eh uhqhjrwldwhg zkhq wkh| suhvfuleh lqh!flhqw rxwfrphv dqg +5, wkh sduwlhv
vkduh wkh jdlqv iurp vxfk uhqhjrwldwlrq1 Wklv sureohp lv sduwlfxoduo| dfxwh zkhq
qr yhuldeoh lqirupdwlrq eh|rqg rzqhuvkls dqg prqhwdu| wudqvihuv lv dydlodeoh/
wkh sureohp zh frqvlghuhg lq Vhfwlrq 61
Wr vxppdul}h rxu dqdo|vlv ri wklv sureohp dqg wr uhodwh lw wr wkh wudglqj olwhu0
dwxuh/ frqvlghu Iljxuh 6 +wklv glvfxvvlrq lv lq xhqfhg e| rqjrlqj zrun zlwk Lo|d
Vhjdo dqg Plfkdho Zklqvwrq,1 Wkh wudglqj olwhudwxuh frqvlghuv wkh h!flhqf| ri
frqwudfwlqj zkhq wkh djhqw*v lqyhvwphqw dhfwv wkh sulqflsdo*v ydoxh iru wudgh
ru wkh djhqw*v frvw ri wudgh1 Lq rxu frqwh{w/ wudgh lv htxlydohqw wr wkh sulqflsdo
wdnlqj srvvhvvlrq dw wkh hqg ri wkh jdph1 Frqvhtxhqwo|/ zh fdq lqwhusuhw wkh
sulqflsdo*v ydoxh dv Y +, dqg wkh djhqw*v surgxfwlrq frvw dv FH+>s 4, +vlqfh
FH+>s 4,lv wkh djhqw*v rssruwxqlw| frvw ri wudqvihuulqj rzqhuvkls,166 Wkh yhu0
64Vhh Uhvwdwhphqw +Vhfrqg, ri Frqwudfwv/ Vhfwlrq 689/ Frpphqw E/ idfwru 51
65Vhh Uhvwdwhphqw +Vhfrqg, ri Frqwudfwv/ Vhfwlrq 689/ Frpphqw E/ idfwru 4/ dqg Fdoliruqld
Flylo Frgh/ Vhfwlrq 49:4 +e,1
66Revhuyh wkdw iru d jlyhq @/ lw grhvq*w pdwwhu zkhwkhu zh lqwhusuhw ￿.E@cR￿￿ dv d sur0
gxfwlrq frvw +d wudglqj prgho, ru dv wkh iruhjrqh ehqh￿w ri uhwdlqlqj rzqhuvkls +dq djhqf|
prgho,1 Wkh djhqw*v lqyhvwphqw lqfhqwlyhv gr/ krzhyhu/ ghshqg rq wkh lqwhusuhwdwlrq1 Lq
sduwlfxodu/ jrlqj iurp dq djhqf| prgho wr d wudglqj prgho zh kdyh wr vxewudfw ￿.E@cR￿￿
iurp klv sd|r￿v lq erwk wkh wudgh dqg qr0wudgh rxwfrph1 Vlqfh ￿. lv d ixqfwlrq ri @/ wklv zloo
fkdqjh wkh djhqw*v lqyhvwphqw lqfhqwlyhv1 Frqvhtxhqwo|/ vrph fdxwlrq qhhgv wr eh h{huflvhg
59Iljxuh 6= Wkh Uhodwlrqvkls Dprqj Uhfhqw Sdshuv lq wkh Wudglqj Olwhudwxuh
zlwk Uhqhjrwldwlrq +￿ frpsdulqj ulvn0qhxwudo djhqwv> iru ulvn0dyhuvh djhqwv wkh uvw
ehvw lv xqdwwdlqdeoh lq wklv uhjlrq zkhq dwwhqwlrq lv uhvwulfwhg wr rswlrq frqwudfwv,1
wlfdo d{lv vkrzv wkh pdujlqdo uhwxuq wr wkh sulqflsdo iurp wkh djhqw*v dfwlrq/
Y 3 +d￿,/ zkloh wkh krul}rqwdo d{lv vkrzv wkh pdujlqdo lqfuhdvh wr wkh djhqw*v sur0
gxfwlrq frvw/ CFH+d￿>s 4,@Cd1 Hgolq dqg Uhlfkhovwhlq +4<<9, frqvlghu wkh erog
+qhjdwlyh, sruwlrq ri wkh krul}rqwdo d{lv/ zkhuh wkh djhqw*v lqyhvwphqw orzhuv
klv surgxfwlrq frvwv +l1h1/ CFH@Cd ? 3, exw grhv qrw dhfw wkh sulqflsdo*v ydoxh
+l1h1/ Y 3 +d￿,@3 ,167 Lq frqwudvw/ Fkh dqg Kdxvfk +4<<9, frqvlghu wkh erog
+srvlwlyh, sruwlrq ri wkh yhuwlfdo d{lv/ zkhuh wkh djhqw*v lqyhvwphqw lv lq txdolw|
dqg/ vr/ udlvhv wkh sulqflsdo*v ydoxh +l1h1/ Y 3 +d￿, A 3,/ exw grhv qrw dhfw wkh
frvw ri surgxfwlrq +l1h1/ CFH@Cd @3 ,1 Rxu sdshu kdv dqdo|}hg wkh srvlwlyh
txdgudqw +L,/ zkhuh wkh djhqw*v lqyhvwphqw udlvhv erwk wkh sulqflsdo*v ydoxh dqg
wkh frvw ri surgxfwlrq1
Ehfdxvh vxusoxv lv glylghg lq uhqhjrwldwlrq/ wkh djhqw fdqqrw fdswxuh doo
ri wkh pdujlqdo frqwulexwlrqv ri klv hruw wr wkh sulqflsdo*v ydoxh +Y 3 +d￿,,1
Dowkrxjk wklv xqghuplqhv wkh djhqw*v lqyhvwphqw lqfhqwlyhv/ zh lghqwlhg d
frxqwhuydlolqj hhfw= Lqyhvwphqw e| wkh djhqw lqfuhdvhv klv rssruwxqlw| frvw ri
wudgh +CFH@Cd A 3,/ zklfk lpsuryhv klv edujdlqlqj srvlwlrq lq uhqhjrwldwlrq
dqg wkhuhe| lqfuhdvhv klv qdo sd|r1 Xqolnh Fkh dqg Kdxvfk/ wklv phdqv wkdw
wkhuh zloo qrw jhqhulfdoo| eh xqghulqyhvwphqw1 Lq sduwlfxodu/ ehorz wkh 78￿
zkhq lqwhusuhwlqj rxu dqdo|vlv lq d wudglqj0prgho frqwh{w1
67Djklrq hw do1 +4<<7,/ Fkxqj +4<<4,/ dqg Qøoghnh dqg Vfkplgw +4<<8, dovr frqvlghu wkh
erog sruwlrq ri wkh krul}rqwdo d{lv1 Xqolnh rxu sdshu dqg Hgolq dqg Uhlfkhovwhlq/ wkhvh sdshuv
h￿hfwlyho| dvvljq doo wkh edujdlqlqj srzhu wr rqh sduw|1
5:olqhwkh uhjlrq zkhuh wkh wkuhdw0srlqw hhfw grplqdwhv wkh krog0xs hhfw
wkhuh zloo dfwxdoo| eh ryhulqyhvwphqw li wkh sduwlhv grq*w vljq d frqwudfw h{
dqwh1 Lq wklv uhjlrq/ dq rswlrq jxdugv djdlqvw vxfk ryhulqyhvwphqw= Jlylqj wkh
sulqflsdo dq rswlrq wr sxufkdvh wkh dvvhw olplwv wkh djhqw*v lqyhvwphqw lqfhqwlyhv
ehfdxvh kh jhwv qr uhwxuq rq wkh pdujlq zkhq wkh sulqflsdo h{huflvhv khu rswlrq1
Li wkh rswlrq sulfh lv vhw dssursuldwho|/ wkhq dw orz ohyhov ri lqyhvwphqw/ wkh
djhqw*v uhwxuq lv kljk ehfdxvh wkh sulqflsdo zrq*w h{huflvh khu rswlrq1 Wkhvh
frqvlghudwlrqv phdq wkdw wkh uvw ehvw fdq eh rewdlqhg lq wkh gduno| vkdghg
uhjlrq ehorz wkh 78￿ olqh1
Deryh wkh 78￿ olqh/ wkh djhqw zloo xqghulqyhvw li kh rzqv wkh dvvhw lqlwldoo|
dqg wkhuh lv qr h{ dqwh frqwudfw= Wkh djhqw*v pdujlqdo uhwxuq lv d frqyh{
frpelqdwlrq ri Y 3 +d, dqg CFH+d>s4,@Cd/ dqg vr pxvw eh ohvv wkdq wkh vr0
fldo pdujlqdo uhwxuq/ Y 3 +d,1 Rswlrq frqwudfwv fdqqrw lpsuryh wklv vlwxdwlrq1
Rzqhuvkls surylghv wkh djhqw pd{lpxp lqfhqwlyhv/ vr wkh sulqflsdo*v wkuhdw wr
wdnh rzqhuvklsh{huflvh wkh rswlrqfdq rqo| vhuyh wr ohvvhq lqfhqwlyhv1 Wkh
ghjuhh wr zklfk dq rswlrq ohvvhqv lqfhqwlyhv ghshqgv rq lwv vwulnh sulfh1 Dv
mxvw qrwhg/ dq lqqlwh vwulnh sulfhxqhqfxpehuhg rzqhuvklssurylghv pd{l0
pxp lqfhqwlyhv1 Lq frqwudvw/ d }hur vwulnh sulfhhtxlydohqwo|/ sxufkdvlqj wkh
djhqw*v lqyhvwphqw lq dgydqfhsurylghv qr lqfhqwlyhv1 Wkdw lv/ lqfhqwlyhv duh
lqfuhdvlqj +zhdno|, lq wkh vwulnh sulfh1
Wkh idfw wkdw rswlrq frqwudfwv fdqqrw surylgh vwurqjhu lqfhqwlyhv wkdq zrxog
suhydlo devhqw dq| frqwudfw vwdqgv lq dssduhqw frqwudglfwlrq wr Ghpvnl dqg
Vdsslqjwrq +4<<4,/ zkhuh lqfhqwlyhv duh lqfuhdvlqj dv wkh vwulnh sulfh whqgv wr
Y +d￿, iurp hlwkhu gluhfwlrq1 Wkh glhuhqfh kdv wr gr zlwk uhqhjrwldwlrq> zh
doorz iru lw/ exw Ghpvnl dqg Vdsslqjwrq lpsolflwo| uxoh lw rxw1
Iljxuh 6 ohdgv xv wr h{whqg rxu djhqf| prgho wr rwkhu txdgudqwv1 Sursr0
vlwlrqv 5 dqg 7 zrxog dsso| htxdoo| zhoo wr Txdgudqw LL li zh doorzhg d wr
kdyh d qhjdwlyh pdujlqdo frqwulexwlrq zkhq e @ 3= Iru wklv fdvh/ wkh uvw0ehvw
fdq*w eh dfklhyhg ehfdxvh wkh wkuhdw0srlqw hhfw dfwxdoo| lqwhqvlhv wkh krogxs
hhfwlqyhvwphqw orzhuv wkh ydoxh ri wkh surmhfw wr wkh djhqw rq wkh pdujlq1
Txdgudqwv LLL dqg LY/ lqfoxglqj wkh hqwluh krul}rqwdo d{lv/ duh ri olwwoh lqwhuhvw
lq dq djhqf| prgho= Wkh sulqflsdo*v pdujlqdo ydoxh iru wkh dvvhw fdq eh qrq0
srvlwlyh dw wkh h!flhqw ohyho ri lqyhvwphqw/ d￿/r q o |l id ￿@3 > exw wkh ohdvw0frvw
dfwlrq +l1h1/ 3, fdq dozd|v eh lpsohphqwhg dw uvw0ehvw frvw1
Fulwlfdo wr wkhvh frqfoxvlrqv duh rxu dvvxpswlrqv wkdw h{dfwo| rqh xqlw fdq
eh wudghg dqg lwv uhwxuq lv xqyhuldeoh1 Khqfh/ xqolnh Hgolq dqg Uhlfkhovwhlq/
zh fdqqrw vhw d kljkhu txdqwlw| lq wkh lqlwldo frqwudfw wr fuhdwh wkh dssursul0
dwh wkuhdw srlqwv iru uhqhjrwldwlrq1 Pruhryhu/ xqolnh Khupdolq dqg Ndw}/ zh
fdqqrw pdnh wkh lqlwldo frqwudfw frqwlqjhqw rq uhwxuqv1 Dqrwkhu fulwlfdo dv0
vxpswlrq frqfhuqv wkh sduwlhv lqdelolw| wr dyrlg uhqhjrwldwlrq1 Xqolnh Qùoghnh
dqg Vfkplgw +4<<8, dqg Ehuqkhlp dqg Zklqvwrq +4<<:,/ zkr olplw uhqhjrwld0
wlrq wr ehiruh wkh h{huflvh gdwh ri wkh rswlrq/ zh uhfrjql}h wkdw wkh sduwlhv frxog
zlvk wr uhqhjrwldwh diwhu wkh h{huflvh gdwh ri wkh rswlrq168 Khqfh/ lq rxu prgho/
68Wkh Qøoghnh dqg Vfkplgw prgho dovr gl￿huv iurp rxuv rq rwkhu glphqvlrqv= Lq sduwlfxodu/
wkh| dvvxph lqyhvwphqwv duh sulydwho| dqg lqdolhqdeo| ehqh￿fldo/ zkhuhdv zh dvvxph lqyhvw0
5;wkh sulqflsdo*v wkuhdw qrw wr h{huflvh khu rswlrq lv fuhgleoh/ zklfk fuhdwhv wkh
krogxs hhfw1
Odvwo|/ frqvlghu rxu dvvxpswlrq wkdw wkh sulqflsdo dozd|v ydoxhv rzqhuvkls
ri wkh dvvhw pruh wkdq wkh djhqw dw wkh h{huflvh gdwh1 Wklv dvvxpswlrq pdnhv
uhqhjrwldwlrq zkhq wkh djhqw rzqv wkh dvvhwdqg wkxv wkh krogxs ri wkh djhqw
xqdyrlgdeoh1 Li wklv zhuh qrw wuxh> lq sduwlfxodu/ li wkh| ydoxhg wkh dvvhw htxdoo|
dw wkdw wlph/ wkhq uhqhjrwldwlrq diwhu wkh h{huflvh gdwh zrxog eh srlqwohvv eh0
fdxvh wkhuh zrxog eh qr h!flhqf| wr eh jdlqhg1 Wkhuh zrxog/ wkxv/ eh qr gdqjhu
ri krogxs dw wklv vwdjh1 Vlqfh lw zdv wklv krogxs wkdw suhyhqwhg wkh Ghpvnl0
Vdsslqjwrq frqwudfw iurp ehlqj h!flhqw/ wkh frqvhtxhqfh ri htxdo ydoxdwlrq
dw wkh h{huflvh gdwh lv wkdw wkh Ghpvnl0Vdsslqjwrq frqwudfw lpsohphqwv wkh
uvw ehvw wkurxjkrxw Txdgudqw L1 Wklv dovr h{sodlqv zk| Qùoghnh dqg Vfkplgw
+4<<:, qg wkdw wkh Ghpvnl0Vdsslqjwrq rswlrq sulfh lv uhqhjrwldwlrq surri dqg
lpsohphqwv wkh uvw ehvw wkurxjkrxw Txdgudqw L= Qùoghnh dqg Vfkplgw dvvxph
htxdo ydoxdwlrq e| dvvxplqj wkdw wkh wkhuh lv qr ulvn dqg wkdw wkh h{huflvh gdwh
rffxuv diwhu wkh sulqflsdo lqyhvwv1
Zkhq wkh sduwlhv* ydoxdwlrqv duh xqhtxdo dw wkh h{huflvh gdwh/ wkhq wkh djhqw
pxvw lqwhuqdol}h wkh sulqflsdo*v ydoxh zkhq lqyhvwlqj dqg dq rswlrq frqwudfw zloo
qrw surylgh klp zlwk vx!flhqw lqfhqwlyhv wr gr vr xqohvv wkh wkuhdw0srlqw hhfw
grplqdwhv wkh qrz xqdyrlgdeoh krogxs hhfw1 Wkh dvvxpswlrq ri htxdo ydoxhv
vwulnhv xv dv xquhdolvwlf lq pdq| vhwwlqjv1 Diwhu doo/ wkh sulqflsdo*v juhdwhu ydoxh
frxog fuhdwh wkh prwlyh iru wudgh lq wkh uvw sodfh169 Vhfrqg/ lq dq djhqf|
vhwwlqj/ wkh djhqw*v juhdwhu ulvn dyhuvlrq zrxog pdnh wkh sulqflsdo ydoxh wkh
dvvhw pruh16: Wklug/ lw pd| eh whfkqlfdoo| gl!fxow wr hqvxuh wkdw wkh h{huflvh
gdwh idoov diwhu wkh sulqflsdo*v lqyhvwphqw> sduwlfxoduo| vlqfh wkh sulqflsdo kdv
dq lqfhqwlyh wr lqfuhdvh khu edujdlqlqj srzhu hlwkhu e| srvwsrqlqj khu lqyhvw0
phqw ru e| prylqj xs wkh h{huflvh ghflvlrq1 Iru lqvwdqfh/ frqvlghu wkh Qùoghnh
dqg Vfkplgw +4<<:, prgho lq zklfk rswlrqv duh h{huflvhg diwhu wkh sulqflsdo*v
lqyhvwphqw +dqg wkh sduwlhv* ydoxdwlrqv duh wkh vdph,/ exw lpdjlqh wkh iroorzlqj
phqwv hqkdqfh d wudghdeoh dvvhw> dqg wkh| iroorz wkh edujdlqlqj jdph sxw iruzdug e| Kduw
dqg Prruh +4<;;, iru uhqhjrwldwlrq/ zklfk hvvhqwldoo| jlyhv doo wkh edujdlqlqj srzhu wr rqh
sduw|/ zkhuhdv zh doorz erwk sduwlhv wr kdyh edujdlqlqj srzhu1
69Wkdw lv/ ljqrulqj ulvn exw lqwhusuhwlqj ￿. dv wkh djhqw*v ydoxdwlrq ixqfwlrq/ rxu dqdo|vlv
vkrzv wkdw wkh ￿uvw ehvw lv qrw dozd|v dwwdlqdeoh zkhq ￿. ￿ T> lq sduwlfxodu/ lw zrq*w eh
dwwdlqdeoh deryh wkh 78￿ olqh lq Txdgudqw L1 Sl{du dqg Glvqh| r￿hu dq h{dpsoh lq zklfk
￿. ￿ T= Wkh ylhz lq wkh ￿op lqgxvwu| lv wkdw dq dqlpdwhg ￿op lv pruh ydoxdeoh li rzqhg e|
Glvqh| wkdq li rzqhg e| dqrwkhu vwxglr +vhh qrwh 5 vxsud,1
6:Wr ehjlq/ vxssrvh/ wkdw wkh sulqflsdo kdv qr lqyhvwphqw wr pdnh1 Wkhq ￿. ￿ T dqg
zkhwkhu wkh ￿uvw ehvw lv dwwdlqdeoh ghshqgv rq zkhwkhu rqh lv lq wkh wrs kdoi ru erwwrp kdoi
ri Txdgudqw L +lq sduwlfxodu/ vlqfh wkh sulqflsdo pdnhv qr lqyhvwphqw/ wklv frqfoxvlrq grhv
qrw ghshqg rq zkhwkhu wkh rswlrq*v h{huflvh gdwh idoov ehiruh wkh sulqflsdo*v lqyhvwphqw/ dv lq
rxu prgho/ ru diwhu/ dv lq Qøoghnh dqg Vfkplgw,1
Hyhq li wkh sulqflsdo grhv lqyhvw dqg wklv lqyhvwphqw rffxuv sulru wr wkh h{huflvh gdwh/ wkh
Ghpvnl0Vdsslqjwrq rswlrq frqwudfw zloo idlo wr dfklhyh wkh ￿uvw ehvw li wkh djhqw lv ulvn dyhuvh=
Xqghu wklv frqwudfw/ wkh sulqflsdo*v vxusoxv li vkh lqyhvwv h!flhqwo| dqg h{huflvhv khu rswlrq lv
}hur1 Li vkh ohwv khu rswlrq h{sluh dqg uhqhjrwldwhv/ vkh olnho| fdswxuhv vrph ri wkh gl￿huhqfh
ehwzhhq T dqg ￿. lq uhqhjrwldwlrq +l1h1/ d srvlwlyh iudfwlrq ri wkh vxusoxv,1 Zh zrxog/
wkhuhiruh/ h{shfw phdqlqjixo uhqhjrwldwlrq zlwk d ulvn0dyhuvh djhqw/ zklfk uh0lqwurgxfhv wkh
krogxs sureohp zh lghqwl￿hg hduolhu1
5<fkdqjh= Vxssrvh wkdw sulru wr khu lqyhvwlqj/ exw diwhu wkh djhqw lqyhvwhg/ wkh
sulqflsdo fdq exuq khu frs| ri wkh rswlrq frqwudfw lq iurqw ri wkh djhqw1 Wkhq wkh
sulqflsdo kdv d fuhgleoh wkuhdw qrw wr lqyhvw= Dq| lqyhvwphqw vkh pdnhv zrxog
eh vxemhfw wr h{sursuldwlrq e| wkh djhqw/ ehfdxvh vkh fdq qr orqjhu suryh vkh
kdv wkh uljkw wr sxufkdvh wkh dvvhw dw dq djuhhg sulfh16; Jlyhq wkdw khu wkuhdw
qrw wr lqyhvw lv fuhgleoh/6< wkh sduwlhv ulvn dq lqh!flhqw rxwfrph xqohvv d qhz
frqwudfw lv vljqhg wkdw uhvwruhv lqyhvwphqw lqfhqwlyhv wr wkh sulqflsdo1 Exw/ wkhq/
wkh djhqw lv djdlq h{srvhg wr krogxs/ vr zkhwkhu h!flhqf| fdq eh uhdol}hg zloo
djdlq ghshqg rq zkhwkhu wkh wkuhdw0srlqw hhfw grplqdwhv wkh krogxs hhfw1
Uhwxuqlqj wr Txdgudqw L dqg dq djhqf| lqwhusuhwdwlrq/ zkhwkhu wkh wkuhdw0
srlqw hhfw ru wkh krogxs hhfw grplqdwhv ghshqgv lq odujh sduw rq zkhwkhu wkh
djhqw dqg sulqflsdo*v dfwlrqv duh surgxfwlyh vxevwlwxwhv ru frpsohphqwv1 Lqghhg/
li wkh djhqw lv ulvn qhxwudoru lq wkh FDUD fdvh zh frqvlghuhgfrpsohphqwv
lpsolhv ehlqj deryh wkh 78￿ olqh/ zkhuh wkh krogxs hhfw grplqdwhv> zkloh vxe0
vwlwxwhv lpsolhv ehlqj ehorz lw/ zkhuh wkh wkuhdw0srlqw hhfw grplqdwhv1
Wkh glfkrwrp| ehwzhhq frpsohphqwdu| dqg vxevwlwxwdeoh dfwlrqv frxog ri0
ihu lqvljkwv lqwr zkdw dfwlylwlhv wdnh sodfh zlwklq d up dqg zklfk duh grqh
wkurxjk wkh pdunhw= Li/ dv lv riwhq dvvxphg/ frqwuro lv juhdwhu zlwklq wkh up
wkdq rxwvlgh/ wkhq lw pljkw eh h!flhqw iru d up wr hqfrpsdvv frpsohphqwdu|
dfwlylwlhv ehfdxvh wkh| duh gl!fxow wr surfxuh frqwudfwxdoo|173 Iru h{dpsoh/ lw
pd| kdyh pdgh vhqvh iru Jhqhudo Prwruv wr ex| Ilvkhu Erg|/ ehfdxvh Jhqhudo
Prwruv* hruwv dw ghvljqlqj dqg pdunhwlqj dxwrprelohv zhuh frpsohphqwdu| wr
Ilvkhu Erg|*v hruwv wr pdnh dxwr erglhv174 Lq frqwudvw/ Glvqh| dqg Sl{du pd|
eh h!flhqw dv glvwlqfw upv li wkh ehwwhu Sl{du pdnhv lwv dqlpdwlrq whfkqrorj|/
wkh vpdoohu wkh pdujlqdo uhwxuq wr Glvqh|*v pdunhwlqj dfwlylwlhv lv iru dwwudfwlqj
prylh0jrhuv175
6;Qrwh/ dw wklv vwdjh/ wkh djhqw dovr kdv dq lqfhqwlyh wr ghq| d suh0h{lvwlqj rswlrq frqwudfw/
vlqfh wkdw zd| kh jxdudqwhhv kh jhwv ixoo ydoxh iru wkh dvvhw +zklfk/ uhfdoo/ lv wkh vdph iru
erwk sduwlhv,1
6<Zh dovr qrwh wkdw hyhq li exuqlqj wkh rswlrq frqwudfw lv lpsrvvleoh/ wkh sulqflsdo*v wkuhdw
qrw wr lqyhvw lv qrw lqfuhgleoh= Lq wkh Qøoghnh dqg Vfkplgw htxloleulxp vkh lv mxvw lqgl￿huhqw
ehwzhhq lqyhvwlqj h!flhqwo| dqg qrw lqyhvwlqj dw doo1 Dgplwwhgo| wklv lqgl￿huhqfh fdq eh
eurnhq e| kdylqj wkh djhqw lqyhvw @Wn0/ zklfk lv zk|/ dv d pdwwhu ri qhr0fodvvlfdo jdph wkhru|/
wkhuh lv qrw d vxejdph0shuihfw htxloleulxp lq zklfk wkh sulqflsdo grhvq*w lqyhvw1 Rq wkh rwkhu
kdqg/ wkh h{shulphqwdo olwhudwxuh rq wkh xowlpdwxp jdph dqg wkh wkhruhwlfdo olwhudwxuh rq
idluqhvv +vhh Udelq/ 4<<6/ rq erwk wkhvh olwhudwxuhv, vxjjhvwv wkdw li wkh sulqflsdo zhuh qrw
surplvhg d vljql￿fdqw +l1h1/ juhdwhu wkdq 0, vkduh ri wkh vxusoxv jhqhudwhg e| khu lqyhvwphqw/
wkhq vkh zrxog dfwxdoo| suhihu qrw wr lqyhvw wr kxuw wkh djhqw1
73Dowkrxjk frplqj iurp d udwkhu gl￿huhqw prgho/ Jurvvpdq dqg Kduw +4<;9, uhdfkhg d
vlplodu frqfoxvlrq1 Lw lv zruwk qrwlqj/ krzhyhu/ wkdw pruh uhfhqwo|/ Fklx +4<<9,/ zrunlqj lq d
vlplodu yhlq wr Jurvvpdq dqg Kduw/ kdv fkdoohqjhg wkhlu frqfoxvlrq dv ehlqj ryhuo| vhqvlwlyh
wr wkh dvvxphg edujdlqlqj jdph ehwzhhq wkh sduwlhv1
74Jhqhudo Prwruv h￿ruwv h{sdqghg wkh pdunhw iru wkhlu fduv zklfk pdgh dq| h￿ruwv e|
Ilvkhu pruh ydoxdeoh1
75Wkdw lv/ dvvxph uhyhqxh lv 4E^c6￿/ zkhuh ^ lv ￿txdolw|/￿ 6 lv pdunhwlqj dfwlylw| dqg
Y54
Y^Y6 ￿ f1 Iru h{dpsoh/ vxssrvh d fxvwrphu jrhv wr wkh prylhv li hlwkhu d iulhqg uhfrpphqgv
lw ru kh lv lpsuhvvhg e| wkh pdunhwlqj1 Ohw >E^￿ eh wkh suredelolw| wkdw d iulhqg grhv qrw
uhfrpphqg lw +>￿ ￿ f, dqg ohw bE6￿ eh wkh suredelolw| wkdw kh lv qrw lpsuhvvhg e| wkh
pdunhwlqj +b￿ ￿ f,1 Dvvxplqj lqghshqghqfh/ wkh suredelolw| kh jrhv wr wkh prylh lv ￿ 3
63Surylglqj dq djhqw zlwk h!flhqw lqfhqwlyhv lv ohvv sureohpdwlf zkhq wkhuh lv
dgglwlrqdo yhuldeoh lqirupdwlrq derxw wkh djhqw*v dfwlrq/ dv glvfxvvhg lq Vhfwlrq
81 Qrw vxusulvlqjo|/ pruh yhuldeoh lqirupdwlrq lpsuryhv wkh vlwxdwlrq1 Lq
sduwlfxodu/ iru xqlirupo| vwulfwo| prqrwrqlf vkdulqj uxohv/ d vx!flhqw frqglwlrq
iru dfklhylqj wkh uvw ehvw +ru dq rxwfrph zlwklq % ri wkh uvw ehvw, lv wkdw
wkhuh eh d vhw ri yhuldeoh vljqdov wkdw lv prvw olnho| wr rffxu li wkh uvw0ehvw
dfwlrq lv fkrvhq1
Dfklhylqj wkh uvw0ehvw zloo eh prvw gl!fxow zkhq wkh sulqflsdo dqg djhqw
pxvw wdnh frpsohphqwdu| dfwlrqv/ exw rqo| d qrlv| vljqdo lv dydlodeoh1 Frpsoh0
phqwdulw| lpsolhv wkdw dq rswlrq frqwudfw zrq*w zrun1 Pruhryhu/ dowkrxjk wkh
vljqdo phdqv wkdw wkh frqwudfwv zh frqvwuxfwhg iru Sursrvlwlrqv ; dqg < vkrxog
zrun/ wkh zdjh jlyhq d edg uhdol}dwlrq ri wkh vljqdo frxog eh idu ehorz wkh
zdjh jlyhq d jrrg vljqdo li wkh vljqdo lv qrlv|1 Frxuwv zloo yhu| olnho| ylhz wklv
glhuhqfh dv sxqlwlyh/ dqg uhixvh wr hqirufh wkh frqwudfw> wkhuhe| suhfoxglqj wkh
uvw ehvw1 Wkh odz*v krvwlolw| wr shqdowlhv lv uhyhdohg e| wkh Uhvwdwhphqw +Vhf0
rqg, ri Frqwudfwv/ 4<;4/ Dphulfdq Odz Lqvwlwxwh Sxeolvkhuv/ Vw1 Sdxo/ Vhfwlrq
689/ frpphqw +d,=
Wkh fhqwudo remhfwlyh ehklqg wkh v|vwhp ri frqwudfw uhphglhv lv frp0
shqvdwru|/ qrw sxqlwlyh1 Sxqlvkphqw ri d surplvru iru kdylqj eurnhq
klv surplvh kdv qr mxvwlfdwlrq rq hlwkhu hfrqrplf ru rwkhu jurxqgv
dqg d whup surylglqj vxfk d shqdow| lv xqhqirufhdeoh rq jurxqgv ri
sxeolf srolf| +hpskdvlv dgghg,176
Rxu dqdo|vlv uhmhfwv wkh suhplvh wkdw vxsud0frpshqvdwru| gdpdjhv kdyh qr
mxvwlfdwlrq rq === hfrqrplf === jurxqgv= Wkhuh duh vlwxdwlrqv lq zklfk wkh
sduwlhv gr ehwwhu zlwk vxsud0frpshqvdwru| uhphglhv177 Wkh hvvhqwldo lqwxlwlrq
lv vlpsoh1 Zkhq lw lv gl!fxow wr revhuyh hruw/ wkhq d sduw| pd| riwhq jhw
dzd| zlwk euhdfk/ dqg vr pxvw eh sxqlvkhg zkhq euhdfk lv dfwxdoo| suryhq>
wklv lqwxlwlrq lv vlplodu wr Ehfnhu*v +4<9;, revhuydwlrq wkdw li d fulplqdo lv rqo|
dssuhkhqghg rffdvlrqdoo|/ wkh shqdow| pxvw h{fhhg wkh vrfldo frvw wr lqgxfh
rswlpdo ghwhuuhqfh1 Khqfh/ rxu dqdo|vlv vxjjhvwv uhsodflqj wkh shqdow| grfwulqh
zlwk d pruh  h{leoh srolf|1
Uhihuhqfhv
Djklrq/ S1/ Ghzdwulsrqw/ P1/ dqg Uh|/ S1 +4<<7,1 Uhqhjrwldwlrq ghvljq zlwk
xqyhuldeoh lqirupdwlrq1 Hfrqrphwulfd/ 95/ 58:5;51
>E^￿bE6￿/ zklfk kdv wkh uhtxluhg qhjdwlyh furvv sduwldo ghulydwlyh1
76Vhh dovr Vfkzduw} +4<<3,/ Uhvwdwhphqw +Vhfrqg, ri Frqwudfwv/ Vhfwlrqv 689/ 68< +4,/ 4<;4>
dqg XFF Vhfwlrqv 50:4; +4,/ 50:49 +4,,1
77Vfkzduw} +4<<3, kdv dujxhg wkdw wkh frxuwv vkrxog qrw vwulnh zkdw dsshdu wr wkhp wr
eh vxsud0frpshqvdwru| uhphglhv/ ehfdxvh zkdw wkh odz ylhzv dv frpshqvdwru| pd|/ lq idfw/
eh xqghufrpshqvdwru|1 Rxu dqdo|vlv sxvkhv wkh remhfwlrq rqh vwhs iduwkhu e| uhmhfwlqj wkh
Uhvwdwhphqw*v suhplvh wkdw vxsud0frpshqvdwru| uhphglhv duh xqghvludeoh1
64Ehfnhu/ J1 V1 +4<9;,1 Fulph dqg sxqlvkphqw= Dq hfrqrplf dssurdfk1 Mrxuqdo
ri Srolwlfdo Hfrqrp|/ :9/ 49<54:1
Ehuqkhlp/ E1 G1 dqg Zklqvwrq/ P1 G1 +4<<:,1 Lqfrpsohwh frqwudfwv dqg vwudwh0
jlf dpeljxlw|1 Dphulfdq Hfrqrplf Uhylhz1 iruwkfrplqj1
Fkh/ \10N1 dqg Fkxqj/ W10\1 +4<<9,1 Frqwudfw gdpdjhv dqg frrshudwlyh lqyhvw0
phqwv1 Xqlyhuvlw| ri Zlvfrqvlq Zrunlqj Sdshu1
Fkh/ \10N1 dqg Kdxvfk/ G1 E1 +4<<9,1 Frrshudwlyh lqyhvwphqwv dqg wkh ydoxh ri
frqwudfwlqj= Frdvh yv1 Zlooldpvrq1 Xqlyhuvlw| ri Zlvfrqvlq Zrunlqj Sdshu1
Fklx/ \1 V1 +4<<9,1 Qrqfrrshudwlyh edujdlqlqj/ krvwdjhv/ dqg rswlpdo dvvhw
rzqhuvkls1 Zrunlqj sdshu/ Ghsw1 ri Ghflvlrq Vflhqfhv dqg Pdqdjhuldo Hfr0
qrplfv/ Fklqhvh Xqlyhuvlw| ri Krqj Nrqj1
Fkxqj/ W10\1 +4<<4,1 Lqfrpsohwh frqwudfwv/ vshflf lqyhvwphqwv/ dqg ulvn vkdu0
lqj1 Uhylhz ri Hfrqrplf Vwxglhv/ 8;/ 436443751
Ghpvnl/ M1 V1 dqg Vdsslqjwrq/ G1 H1 P1 +4<<4,1 Uhvroylqj grxeoh prudo kd}dug
sureohpv zlwk ex|rxw djuhhphqwv1 UDQG Mrxuqdo ri Hfrqrplfv/ 55/ 565
5731
Hgolq/ D1 V1 dqg Uhlfkhovwhlq/ V1 +4<<9,1 Krogxsv/ vwdqgdug euhdfk uhphglhv/
dqg rswlpdo lqyhvwphqw1 Dphulfdq Hfrqrplf Uhylhz/ ;9/ 7:;8341
Ixghqehuj/ G1 dqg Wluroh/ M1 +4<<3,1 Prudo kd}dug dqg uhqhjrwldwlrq lq djhqf|
frqwudfwv1 Hfrqrphwulfd/ 8;+9,/ 45:<46531 Qryhpehu1
Jurvvpdq/ V1 dqg Kduw/ R1 G1 +4<;9,1 Wkh frvwv dqg ehqhwv ri rzqhuvkls=
D wkhru| ri yhuwlfdo dqg odwhudo lqwhjudwlrq1 Mrxuqdo ri Srolwlfdo Hfrqrp|/
<7+7,/ 9<4:4<1 Dxjxvw1
Kduw/ R1 G1 dqg Prruh/ M1 +4<;;,1 Lqfrpsohwh frqwudfwv dqg uhqhjrwldwlrq1
Hfrqrphwulfd/ 89/ :88:;81
Khupdolq/ E1 H1 dqg Ndw}/ P1 O1 +4<<4,1 Prudo kd}dug dqg yhuldelolw|= Wkh
hhfwv ri uhqhjrwldwlrq lq djhqf|1 Hfrqrphwulfd/ 8</ 4:684:861
Khupdolq/ E1 H1 dqg Ndw}/ P1 O1 +4<<6,1 Mxglfldo prglfdwlrq ri frqwudfwv
ehwzhhq vrsklvwlfdwhg sduwlhv= D pruh frpsohwh ylhz ri lqfrpsohwh frqwudfwv
dqg wkhlu euhdfk1 Mrxuqdo ri Odz/ Hfrqrplfv/ ) Rujdql}dwlrq/ </ 5635881
Pd/ F10w1 D1 +4<<7,1 Uhqhjrwldwlrq dqg rswlpdolw| lq djhqf| frqwudfwv1 Uhylhz
ri Hfrqrplf Vwxglhv/ 94+4,/ 43<45<1 Mdqxdu|1
Qùoghnh/ J1 dqg Vfkplgw/ N1 P1 +4<<8,1 Rswlrq frqwudfwv dqg uhqhjrwldwlrq=
D vroxwlrq wr wkh krog0xs sureohp1 UDQG Mrxuqdo ri Hfrqrplfv/ 59+5,/
49649<1 Vsulqj1
65Qùoghnh/ J1 dqg Vfkplgw/ N1 P1 +4<<:,1 Vhtxhqwldo lqyhvwphqwv dqg rswlrqv wr
rzq1 Zrunlqj sdshu/ Xqlyhuvlw| ri Erqq1
Udelq/ P1 +4<<6,1 Lqfrusrudwlqj idluqhvv lqwr jdph wkhru| dqg hfrqrplfv1
Dphulfdq Hfrqrplf Uhylhz/ ;6+8,/ 45;446351 Ghfhpehu1
Urjhuvrq/ Z1 S1 +4<<5,1 Frqwudfwxdo vroxwlrqv wr wkh krog0xs sureohp1 Uhylhz
ri Hfrqrplf Vwxglhv/ 8</ ::::<61
Vfkzduw}/ D1 +4<<3,1 Wkh p|wk wkdw surplvhhv suhihu vxsudfrpshqvdwru| uhph0
glhv= Dq dqdo|vlv ri frqwudfwlqj iru gdpdjh phdvxuhv1 \doh Odz Mrxuqdo/
433+5,/ 69<73:1 Qryhpehu1
Vhjdo/ L1 dqg Zklqvwrq/ P1 +4<<:,1 Lpsohphqwdwlrq zlwk uhqhjrwldwlrq= D qrwh1
Plphr1
Zlooldpvrq/ R1 H1 +4<;8,1 Wkh Hfrqrplf Lqvwlwxwlrqv ri Fdslwdolvp1 Wkh Iuhh
Suhvv/ Qhz \run1
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